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1. Two generalizations of Stampacchia Lemma
Guido Stampacchia (1922-1978), an Italian mathematician, was famous for his works on the theory of
variational inequalities, the calculus of variation and the theory of elliptic PDEs. Among such works, there

is the following Stampacchia Lemma (see Lemma 4.1 in [1]):

Lemma 1.1. Let ¢1,«, B be positive constants. Let o : [ko, +00) — [0,400) be nonincreasing and such that

C1 B
< 1.1
olh) < G le b (1)
for every h,k with h > k > ko. It results that:
(i) if B > 1 then we have
(p(ko + d) =0,
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where
B
d* = ci[p(ko))” 27T,

(i) if B =1 then for any k > ko we have
_1
(k) < SO(kO)elf(cw) o (k—ko)
(iii) if B < 1 and ko > 0 then for any k > ko we have

o 1

p(k) < 20-97 {cfiﬁ + (%o)laﬁso(ko)} (k)ﬁ :

Stampacchia Lemma is an efficient tool in dealing with regularity issues of solutions of elliptic PDEs as
well as minima of variational integrals, and is used till now repeatedly by many mathematicians. As an
example, we consider solutions of the following linear Dirichlet problem (see [2]):

—div(M(xz)Du(z)) = g(x), =z € £,
u(z) =0, x €012,
where 2 C R™, n > 2, M(z) : 2 — R™ ™ is a matrix satisfying
M(2)6-€ > alé]” and [M(z)| < B8, ae 2

m 3 *\/ __ _2m
for some 0 < a < 3 < oo, and g € L™(2) with m > (2*)" = =5, We use

k
Gr(u) =u — Ty (u) = v — min {1, |} u
u
as test function and we have
a/ |DG(w))*dz < / 9Gi(u)dz.
Q Q
The use of Holder inequality and Sobolev inequality yield for any h > k > 0,

> (k%)
|Ak| ((2 )
(h*k)z* b

|Anl < g

where

A ={z € 2 : |u(z)| > k}

is the superlevel set of u, and |Ag| denotes the Lebesgue measure of Aj. The condition (1.1) holds with

. N 1 1
ko =0, p(k) =[Ag|, c1 = ¢4, a =2, =2 ((2*)’m>’

then one can use Stampacchia Lemma (Lemma 1.1) to derive that:

o if 2% g@i), — L) > 1 (that is m > %), then there exists d > 0 such that [44] = 0: u is bounded

(Jlu(z)] < d a.e. 2);
o if 2* (ﬁ — L) =1 (that is m = ), then there exists A > 0 such that eMul € LY(92): u belongs to the

exponential class Exp(§2);
e if 0 < 2% (L - i) < 1 (that is (2*)" < m < %), then there exists ¢y > 0 such that |A;| < & (3) 77 =

(2*)

* ok
m
wea

Co (%)m : u belongs to the Marcinkiewicz space L

2
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The above example illustrates how Stampacchia Lemma can be used to derive regularity results. For some
other results related to Lemma 1.1, we refer to [3-13].

As far as we know, the first (incomplete) version of Stampacchia Lemma was given in 1960 in [14]. There
are different versions of the Stampacchia Lemma, see, for example, [7,9,15]. In [7], the authors compared
two versions of Stampacchia Lemma: in (1.1) we take h = 2k and a constant cq in place of ¢q,

0(2k) < ;—i[ga(k‘)]ﬁ, Vk > ko. (1.2)
It is obvious that (1.1) implies (1.2) with ¢z = ¢;. In [7], the authors proved that (see Remarks 1, 2, 3 in
[7):

e for the case 0 < 8 < 1, the two assumptions (1.1) and (1.2) are equivalent;

o for the case § = 1, (1.1) is stronger than (1.2). More precisely, the function ¢(k) = e~ mk)? > 1,
verifies (1.2) with 8 =1, a = 2In2, ¢ = 272 but it does not satisfy (1.1), for any choice of the two
constants > 0 and ¢; > 0;

e for the case f > 1, (1.1) is also stronger than (1.2). More precisely, the function ¢(k) = e kP,
p =logy(208), k > 1, verifies (1.2) with 8 > 1, co = 1, any « > 0 and a suitable kg = ko(a, ) > 1, but
it does not satisfy (1.1) for any choice of the three constants 8 > 1, a > 0 and ¢; > 0.

Due to the importance of the Stampacchia lemma (Lemma 1.1) in the regularity theory of partial
differential equations, we now give two generalizations.

1.1. The first generalization.

The first generalization is the following lemma, which can be used in dealing with regularity issues of
elliptic systems, see Section 2.1.

Lemma 1.2. Let c3,a, 3 be positive constants, kg > 0 and N > 1. Let ¢ : [ko,+00) — [0,400) be

nonincreasing and such that
C3

ek’ (13)

(Nh) <

for every h, k with h > k > kqo. It results that:
(I) if B < 1 then for any k > ko we have

where
a(2—8)
¢4 = max { (2N) (1=5)?

(ko)™ 1/1-8)18 1 o
1+<P(k0)( o ) cs 7, (ko) (2N ko) T=7

(I1) if B =1 then for any k > ko and any q > 1, we have

p(k) <cs (,16) , (1.5)
where
¢§ =max{q,1+ a}
and
PR 1 ~
i(ata) (ko) ) a\@ g
¢s =max{ (2N) @ 1+ (ko) <03[1+;(k0)]3> (03[1 + (ko) q) , (ko) (2N ko)

3
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(III) if B > 1 then we have two cases: there exists k > ko such that o(k) = 0, or for any k > ko we have

©(k) > 0. In such a second case, for any k > ko,

@(k) < max {1, o(ko)cg

(k0+20 “)logn \[} _klong

where
ﬂlogNl\/W = = 1 k() + 201/a Cé/a
ce = Cy , cr=NBp(ky) ", cg =max N 7NlnN’1 ,
and ko > ko is a constant such that c; > 1, see Remark 1.2.
Proof (I). 8 < 1. We take h = 2k in (1.3) and we have
P(2NE) < 2 [p(R)’, N > 1k > ko, (1.6)
Let .
s*\ 1-8
or(s) = 05) () (1.7)
Cc3
(1.7) together with (1.6) implies
1
a\ T-38
p12NK) = @(2Nk) ((2Nk) )
cs
c3 8 o (kYN8
< 2N)1 —
< Spwrem™ (L)
= @N)TF[p (k)
from which we derive, for any positive integer j € N7,
Y1 ((QN)jko
= 1 (2N ((2N)7 " ko))
< (@N)TF [pi(2N) ko))
) B
< (2N)TB {(2N)1 5 o1 ((2N)J*2ko)]ﬁ}
_a_ A 2 (1.8)
= (2N)TF (2N) 17 [y ((2N)2kg)]”
< e
a ap api—!
< (2N)T=F(2N)T=F -+ (2N) =5 [p1(ko)]
< N L+ (ko))
where we have used the facts
« af afi—! « 1 o
B T T = 1+8+---+ 43 <
—51-8 i=p " Tog A BT < g
and _ _
1 (ko)™ < [+ @1(ko))™ < [1+ o1 (ko))

For any k > kg, we split the proof into two cases: k > 2Nky and kg < k < 2Nkq:
(1) for the first case k > 2Nk, there exists a positive integer j € NT such that

(2N) kg < k < (2N) k.

4
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By virtue of (1.7), (1.8) and the nonincreasing property of ¢(k), one has
B
e1(k) = o(k)
L
( ((2N)7+1 ko) ) 7

= (2N) 7<p (2N)Jk0

[e3

(
< (eN)T (ﬂ N)YG=62 [1+ 1 (ko))”
= (2N) 097 [1+ ¢y (ko)]”

IN

Substituting (1.9) into (1.7) we arrive at

3\ B a2=f) s (1\ TP
ok) =1 (k) ()77 < @N) AP L4 pu(ko)Pel 7 (1)
ke k
(2) for the second case kg < k < 2Nkg, one has
k’ﬁ o (1 ﬁ
k) < olkn) = plho) o < (k) (2NF0) ™7 (1)

(1.11) together with (1.10) yields the desired result (1.4).
(IT) 8 = 1. For any k > ko and any ¢ > 1, we let § = max{q,1 + a}. (1.3) implies

p(Nh) < (h;”k)asom a a
= ﬁ[f(k)]?[w(k)}l‘?
csip(ko)] 9 _a
< ﬁ[@gﬁﬂl i
c3[l + (ko) @ .y
< W[ (k)]l d

(1.9)

(1.10)

(1.11)

Since 0 < 1— ¢ <1, then one can make use of (1.4) to derive (1.5) (with ¢3[1+ ©(ko)]*/? in place of c3 and

1— % in place of j).
(III) 8 > 1. For any nonnegative integer s > 0, we let

k= N (koJrcl/O‘ ) -k,

and
Nh = N*+! (ko + s+ 1)) .

a

where we recall that I%o > ko is a constant such that c¢; = N 5? (ko) L > 1. It is obvious that
h=N°® (120 +ell s+ 1)) >k,

which allows us to take k and h as above in (1.3) and we have

~ c3
pkop1) < —2—
(Nsey/*)e

(o())? = s o (R

Note that the above inequality holds true for the case s = 0, that is,

o(k1) < [p(ko))”.
5

(1.12)
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Thus, for any positive integer s > 1,

o(ksy1)

S Nsa [@(ks)]ﬁ B

1 1 ~ 8
< Nsa m [(P(k571)] 2:|

1 1 ~ 8
= e NeDap [P(hs-1)]
< e
< 1 e
= NsaN(G-Dapf N(s—2)af? ... Nlafs—1 [p(k1)]

1 -
= Nsa N(s—DaB N(s—2)aB2 ... Nl-afs—1 [e(ko)]
=~ s+1

= [p(ko))”

NGB871
7ﬂs+1

(Vo))

where we have used (1.12), (1.13) and the fact

N>1a>0s>1= NoNGE-DabNG6=as? | plap™™ 5 nas™™!

(1.14) yields that, for any positive integer s > 2,

e

ol < (N (i) t)

For any k > lzzo, we distinguish between two cases: k > 1252 and l%o <k< l~€2.

For the case k > 12:2, there exists a positive integer s > 2 such that
];s < k< ];s—i-l-

(1.15) allows us to estimate

We let

]’% 2 1/« 1/«
cs:max{ 0+ 23 % 1p,

then one can prove that, for 1 < s € R,

ko + cé/a(s +1) < egN®.

In fact, let
f(s) =cgN’ — [l;:o Jrcé/a(s + 1)] , s> 1.

It is obvious that
F(1) = csN — [l%o n 2c§/“} >0,

and

f(s) = cstlanc;}/a > cleancé/a >0,

so for all s > 1, f(s) > 0. (1.17) is proved.
From (1.17) and the fact k < k1 we know that

k< NoT! (fco +es/ (s + 1)) < cgN* T

6

(1.14)

(1.15)

(1.16)

(1.17)



H. Gao, H. Deng, M. Huang et al. Nonlinear Analysis 208 (2021) 112297

1 k
— |1 — -1
s Q[OgN(CS> ]
1
= §[IOgNk_10gNC8_1]

which yields

11 (1.18)
= logy flogg k2 — b logy (Nes)
= logg fe2loan B _ logn v/ Nes
= logg flogn v/ _ logn v/ Necs.
Combining (1.16) and (1.18) we arrive at
B o< (NZol) ) =t
p(k) < ¢(ko) Cr
|:logﬁ rlogn \/EflogN \/N7c8:|
<c;
glosp Ko VP (1.19)
Ci plogn VNeg
=Cr
logg klOgN\/B
= 06_6
7kIOgN\/E
= C6 5
1
lo VNc
where cg = ¢ BNV
For the case l~co <k< 152 we have
~ ~ kol B —kolo fE]
Q,O(k) S (,0~<k70) — @<k0)062 ogN \/>C6 2 log f (120)
S QD(;J())C':? log \/BcgklogN \/B

(1.19) and (1.20) yield the desired result. O

Two Remarks:

Remark 1.1. We notice that, in the proof of Lemma 1.2-(I), we have taken h = 2k in (1.3) and we have
(1.6). We remark that, in the case 0 < § < 1, the two assumptions (1.3) and

P(2Nk) < (k). N > 1,k > ko (*)

T| &

are equivalent. In fact,

(1.3)=(*). We take h = 2k in (1.3) and we get (*) with ¢ = c3.

(+)=>(1.3). Let us consider h > k > ko. We split the proof into two cases: (2N )Tk > h > (2N)/k for
some integer j > 1 and 2Nk > h > k. For the first case (2N)? Ttk > h > (2N)/k, since ¢ non-increases, we
have

p(h) < p((2N)'k) = ¢ ((2N)(2N)""'k) .

We keep in mind that j > 1 so (2N)?~1k > k > ko and we can use (*) with (2N)7~1k in place of k:
C3

m[@((ﬂv)j*lkﬂﬁ-

v ((2N)2N)'"'k) <

Since (2N)7~1k > k, we use the monotonicity of ¢ to have

P((2N)Y k) < (k)
7
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then
[o((2NY 'R < [p(R))".
Since (2N)*1k > h, we have ((2N)’*! — 1)k > h — k, then

Jj+1 J+1 _ _
AN (2N) Dk h—k

o1,
@NY k=GN 2T aNE . Z ane

thus | 4
o(h) < p((2N) k) = o((2N)(2N) k)
W[@((QN)J—lk”B
C3
< G PR

For the second case 2Nk > h > k, since ¢ non-increases we have

o(h) < (k) = [p(k))°[o(k)]" 7.

The proof of Lemma 1.2-(I) used only (1.6), that is (%), so we get (1.4)

where ¢4 is defined with ¢3 in place of c¢3. Then

p(h) < o(k) = [pk)[pk)]) 7
-3

« «
Since 2Nk > h we get (2N — 1)k>h — k and (m) < (ﬁ) , then
s (1 - 1\
o) < [pmled (1) <lopaen -0 (1) -
In both cases we have obtained (1.3) with ¢35 = max{(2N)2*¢s, c; 7 (2N — 1)*}.

Remark 1.2. In Lemma 1.2-(IIT) we assume that there exists ko > ko such that ¢; = N 5% o(ko)~! > 1.
We remark that this is always the case because (1.3) implies

c
P(Nh) < G psslptko)l” = 0, h = +oo,
then there exists ko > ko such that N
SD(]%O) < N&2.

1.2. The second generalization.

In order to give the second generalization of the Stampacchia Lemma, we should mention two papers [16]
and [15]. In [16], Mammoliti proved a lemma in order to deal with regularity for solutions to some elliptic
equations with degenerate coercivity, see Lemma A.1l in the Appendix in [16]:

8
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Lemma 1.3. Let ¢ : R™ — R* be a non-increasing function such that

o(k) < mfi"k)akéa[w(k)}ﬂ, Vh> k>0, (1.21)

for some positive constants cg, with a > 0, 0 < 0 <1 and B > 1. Then there exists k* > 0 such that
p(k*) = 0.

Note that, compared with (1.3), a factor k% appears in the right hand side of (1.21).

In [15], Kovalevskii and Voitovich proved three lemmas (Lemmas 2,3,4 in [15]) with condition (1.21) for
three cases of 3: 0 < 8 <1, 8 =1and 8 > 1, see also [17].

Motivated by the above two paper, we give another generalization of Stampacchia Lemma, which can be
used in dealing with regularity issues of degenerate elliptic systems, see Section 2.2.

Lemma 1.4. Let 1o, o, 8 be positive constants, kg > 0, N > 1 and 0 < § < 1. Let ¢ : [ko, +00) — [0, 400)

be nonincreasing and such that

Clokéa
Nh) < k 1.22
o L(h_k)a[@( )] (1.22)
for every h, k with h > k > kqg. It results that:
(I) if B < 1 then for any k > ko we have
a(l-0)
1\ -7
p(k) < e <k) ; (1.23)
where
15
(1-0)a(2-8) (ko)1= \ 1= 1 (1-0)a
e =max § (2N) =071+ (ko) | = —— c10 "+ (ko) (2Nko) T=7
10
(IT) if B =1 then for any k > ko and any g > 1, we have
1 q
p(k) < c12 (k) : (1.24)
where
¢§ =max{q,1+ a}
and c12 is the mazimum value of
i 1,@%

dlg+(1—6)a]

(2N)  @=9e 11+ (ko) (

q _
k (1-0)a (1-0)a _ _q
( 0) (010[1 + SO(kd}(l—O)a/Q) (1-0)a

cro[l + (ko) 1=Ne/a

and
©(ko)(2Nko)Z.

(III) 4f B > 1 then we have two cases: there exists k > ko such that (k) = 0, or for any k > ko we have
@(k) > 0. In such a second case, for any k > ko,

~ 2050 1rol/(1=0)y 1, o
(k) < max {L(p(ko)cg (ko+72 )logy \/E} Cf3kl 2N \/E’
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where
ﬂlogle/Ncl5 (l—g)a =1
€13 = C1g s caa=N 5 ko),
(A1 Lo—ey1)2m0 L o
c15 = max { max — =7 il ko 72177
15 1<6<0, N(InN)* " N ’
1
by = = | + 1,
’ [1—9]

[s] is the integer part of s and T is given in (1.26), and ko > ko is a constant such that ¢i4 > 1.

Proof. (I) For the case 8 < 1, we take h = 2k in (1.22) and we have

P(2NE) < —10

< i [p(k)]?, N > 1,k > k. (1.25)

The difference between (1.6) and (1.25) is that c3 replaced by c1o and a replaced by (1 — f)a. Thus, by
Lemma 1.2-(I), the result of Lemma 1.4-(I) follows.

(IT) For the case 8 = 1, for any k > ko and any ¢ > 1, we let ¢ = max{q, 1+ a} and § = L. (1.22) with

[ =1 implies 1-9°
crokf® crokf® a -
PN) < () = o] F o)
crolip(ko)] @ K0 a

S e G
(1-0)a =
cio[l + (ko)) @ kb« -

< ol bl T B2 g3,

~—
S

here we have used the fact

_ (1-6)a < (1—9)04.
q q

»Q)\Q

The fact 0 <1— ¢ <1 allows us to make use of (1.23) to derive (1.24) (with c1o[1 + o(ko)]1=9/4 in place
of c19 and 1 — % in place of j).
(III) For the case 8 > 1, we let for any nonnegative integer s > 0,

- 1 -
k= N?* (k0+7315> =k,

and
. 1 -
Nh = NSJrl <I€0 +T(S+ 1)1§> = k5+1,
where )
7 = max {1, o, |2’ -9)] 7, (cm)l/a(z%o)é} (1.26)
(1-0)a

and we recall that ko > ko is a constant such that cjq = N 82 go(l;:o)_l > 1. It is obvious that

~ _1_
h=N°* <k0+7(s+1)15> > k.

10
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We use Taylor’s formula in order to get

1 1
h—k = N°r {(s—&— 1)1-9 —sl—éJ
1

0 _ 0 260—1
= N‘ST|: =51-0 - 510:|
1-0 2(1 —0)
Nt _6_
> ~51-0
- 1-6

~ c I;:f“ ~
(P(k5+1) S (hlo_ik)a[sp(ks)]ﬁ ;
1o [NS(/%O +rsich )] a-de
< ] (o)

IA
o
=
S
~—~
e
w
=
®

[p(ks)]?.

Ns(l—é)a

Thus, for any positive integer s > 1,

<P(k3s1+1)
< _ L8
- Ns(1-0)« [Q(ks)} ,
1 1 - 8
= Ns(l=0a | N(s—1)(1-0)a [p(ks-1)] J
1 1 . 8
T Ns(-0a NG-D(-0)ap [p(ks—1)]
< e
< [p(k1))”
= Ns(1-0)aN(s—1)(1-0)ap N(s—2)(1—-0)ap2 ... N1 (1-0)aps—1
g Bs+1
< [e(ko)]
= Ns(l-6)a N(s—1)(1-aB N(s—2)(1-0)ap? ... N1-(1-0)aps—1
fod s+1
< [@(ko)]ﬁ

1—6 Bs—l
N(1=0)a gt

(1-0)a ~
= N s ‘p(ko)_l )

where we have used (1.28), (1.29) and the fact

N>1,1-60)a>0,s>1
= Ns(l—é)aN(s—l)(l—é)aﬁ o Nl‘(l—é)a,ﬁ’sfl > N(l—é)(xﬁsfl-

(1.30) yields that, for any positive integer s > 2,

B (1-0)a ~ —5°
olks) < [N 57 (ko)™ :

11
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(1.27)

where ¢ lies in the interval between s and s 4+ 1. We take h and k as above in (1.22) and we make use of
(1.27), (1.26): for any integer s > 1,

(1.28)

From the definition of 7 in (1.26) we know 7 > (cm)l/a(iéo)é, and this implies, by means of (1.22) with
k =ko and h = ko + 7, that

(1.29)

(1.30)

(1.31)
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For any k > /%0, we distinguish between two cases: k > 1272 and l%o <k< 152.
For the case k > ko, there exists a positive integer s > 2 such that

ke <k < kot
(1.31) allows us to estimate
5 1-9a —B°
p(k) < plks) < [N 5 (ko) ™! : (1.32)
Denote
o= 5] 1
T li-el T

C15 =— max max
1<0<6q N(1

then one can prove that, for 1 < s € R,
- 1
ko+7(s+1)1-0 < ¢5N°. (1.33)

As a matter of fact, let
1

g(s) = c15N° — [lz:o +7(s+ 1)1—5} , s> 1

It is not difficult to derive that, for any positive integer £ with 1 < ¢ < /g,

1 1 1 1y
O (s) = c1sN*(In N)¥ — ( ~—1)-..<~—z+1) 1+ 1)i-3
g7(8) = s (In ) T1—9 1-6 1-6 (s+1)

and

1 1 1 1__y
(1) = c;sN(In N)¢ — ~( ~—1>---<~—€+1>21—9 .
g7 (W) =esNI N =775 | 75 1-6

We assert that, the ({5 + 1)-th derivative of g(s):

1 1 1 i
gt () = ez N*(In N)fott — 71— ( 1) ( - _go) (s +1)1-0 fo—1

1-0\1-0 1—0

1 1 1
rs (1) (15 -0) <o
1-6\1-90 1-6

gt (s) > 0 implies g(“0)(s) is an increasing function, which together with g(%)(1) > 0 (which is a direct
consequence by the definition of ¢;5) implies g(0)(s) is positive, which in turn, implies g~ (z) is an
increasing function. After ¢y times, we derive that g(s) is positive, thus (1.33) is proved.

From (1.33) and the fact k < k41 we know that

is positive, because

~ _1_
k< N5t (ko +7(s+1) 1@) < es N>,

()

= 5 [logy k —logy c15 — 1]

which yields

N =N =

11 1.34
= logy Blogg k2 — ilogN(Ncm) (1.34)

= logg fzlosn B _ logy v/ Neis

= 1OgB klOgN \/E — logN vV NCl5.
12
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Combining (1.32) with (1.34) we arrive at

|:logﬁ k198N VB _iogn /Ners

(1=6)a —p° g s
(k) <N 7 (ko)™ =Cy ScCyy

1.35
ﬁlogﬂ klOgN \/E ( )
_ - 5logN vV Ncis N 7ﬁ10g5 klOgN\/E B 7klogN\/E
=Ciq =C3 =C13 )
1
_ ploen V/Neis
where c13 = ¢j) .
For the case kg < k < ko we have
~ ~ ko lo B —kolo B
() < plfo) = plo)ely o2 Vg 2 tom V5 (1.36)

~ | kol B —kl ]
< @(’fo)cé N \[013 N \[

(1.35) and (1.36) yield the desired result. [
2. Applications

This section is devoted to give some applications of the generalized Stampacchia Lemmas proved in the
first section to regularity theory of quasilinear elliptic systems.

2.1. Quasilinear elliptic systems with ellipticity condition.

Let n > 2, N > 2 be integers and {2 an open bounded subset of R”. We consider (distributional) solutions
of quasilinear elliptic systems involving N equations of the form

"0 [ o P (z) W
,; 3e; ﬁgg @u@) == | =1 m, 21)
u(x) =0, on 012,

where a € {1,2,..., N} is the equation index.

We make use of the following assumptions on the coefficients aioff (z,y): for i,5 € {1,...,n} and
a,pe{l,...,N},

(Ay) (Carathéodory condition) z — aff (z,y) is measurable and y afff (z,y) is continuous;

(As) (boundedness of all the coefficients) there exists a positive constant ¢ such that

jai () < e

for almost all = € £2 and all y € RY;
(As) (ellipticity of the diagonal coefficients) there exists a positive constant ¢y such that

colA? < Z a; 7 (x, y)Nid;

ij=1

for almost all z € 2, all y € RN all A€ R" and all « € {1,...,N};
(A4) (proportional condition of the off-diagonal coefficients) there exist constants 7%, o, 8 € {1,..., N},
such that for all 4,7 € {1,...,n}, almost all z € 2 and all y € RY,

ai ol (z,y) = r*Pa)f (x,y),

13
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the constants 77, o, 3 € {1,..., N}, be such that 7*® = 1 and

1 P21 31 L LN
P12 1 P32 .. pN2
1,3 2,3 N,3
detR=det |7 T 1 r £0.
PLN 2N 3N 1

The following example gives aif(x,y) xRN -5 Rwitha,3€{1,...,N}and 4,5 € {1,...,n}, which
satisfy the conditions (Aj)-(Ay4).

Example 2.1. We let §; ; be the Kronecker symbol. For o, € {1,...,N} and 4,5 € {1,...,n}, we define
ﬁ(a: y) as follows: for a € {1,..., N},
a; 7 (x,y) = dij,

2,0

and for o, 8 € {1,..., N} with a # 3,

i (w,y) = r*Pa)f (z,y) = rP6; 5,

where the real numbers 7*? be such that det R # 0, thus the condition (A4) holds true naturally. Moreover,
the condition (A;) is satisfied because = +— a?f (

condition (As) is satisfied with ¢ = ||R|| = (255:1 |8

x,y) is measurable and y — af (x y) is continuous; the

1/2
) ; the condition (Ag) is satisfied with ¢y = 1.

Definition 2.1. We say that a function u : £ — R is a (distributional) solution with respect to (2.1), if
uwe Wy (2;RN) and

N
/ Z Z a; ))Dju’ (x) Dy (x)da = Z/Qfo‘(ac)wo‘(x)dx (2.2)

a,B=11,j=1

holds true for all ¢ € W, 2(2; RN).

We remark that the condition (As3) is added in order to make finite the integral on the left hand side of
(2.2). We remark also that assumption (LA4) has been made in the special case N = 2 in [18]. Note that
we do not need that the off-diagonal coefficients are small, compare with the assumption (A3) on page 213
n [18].

For the case N = 1, that is, (2.1) is only one single equation, existence of distributional solutions
u: 2 C R™ — R has been deeply studied, starting from [19], see also [5,20-23] and the survey [24]. Regularity
results are contained in [25-30] and the survey [31] (see also [32]). For systems, N > 2, the situation is very
different with respect to the single equation case. There is a gap in the regularity scale for the solutions of
systems and for the minimizers of integral vectorial functionals. Existence and regularity of solutions for one
single equation is usually obtained by a truncation argument, which shows why the vectorial case NV > 2 is
difficult and only few contributions are available in the literature. In fact, for systems N > 2, the p-Laplacian
Az, y,&) = |§|p72£ is treated in [33,34], and the anisotropic case, in which each component of the gradient
D;u may have a possibly different exponent p;, is dealt in [35,36]. For some other results related to elliptic
systems, we refer to [37-39].

Recently, some noteworthy developments are made. In [18], the authors studied the existence of solutions
of quasilinear elliptic systems involving N equations and a measure on the right hand side with the form

0 o
728371 ZZ 8:ijﬂ =at g

=1 B=1
( ) - Oa on 89,
14
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where o € {1,2,...,N} is the equation index and p is a finite Randon measure on R™ with values in
RY. Existence of a solution was proved for two different sets of assumptions on the coefficients aioff (z,y).
In [40], the authors obtained similar results by assuming some smallness and cancellation conditions on the
coefficients. Maximum principles for some quasilinear elliptic systems can be found in [41].

In this section, we consider elliptic system (2.1) under the assumptions (A;)-(A4). We will use the gen-
eralized Stampacchia Lemmas proved in Section 1 to derive some global regularity results for distributional
solutions to (2.1). To our knowledge, it seems to be the first applications of the powerful and elegant
Stampacchia Lemma to elliptic systems.

Theorem 2.1.  Suppose u is a solution with respect to f € L™(;RN), m > (2*)' = anz Under the
assumptions (A1 )-(As), we have

(1) 4 f—fz <m < %, then |u| € Lg;:k(()), where m** = (m*)* = 2

(2) if m = %, then for any q¢ > 1, |u| € LI (), §=max{q, 1+ 2*};

weak
(3) if m > %, then there exists A > 0 such that AMul s Vo L'(92).

In the statement of Theorem 2.1-(1), the weak L7 spaces LY  , (2), known also as Marcinkiewicz spaces,
q

¥ ea(£2) consists of measurable functions g on {2 such that

are defined as follows: if ¢ > 1, then the space L
supt|{z € 2 : |g(z)| > t}|% < 0. (2.3)
t>0

q
weak

For a detailed analysis of L (£2) spaces we refer to [42].

Proof. (of Theorem 2.1). We take a test function ¢ = (¢!, ...,o") in (2.2) as

N
P =) ClG), a€{l,...,N}, (2.4)
y=1

here and in what follows, for s € R,
) k
Gr(s) =s—Ti(s) =s—min< 1, ﬂ s,
S

and CY, a,v € {1,..., N}, are real constants to be chosen later. Then

N
Dig® =) CaDiul o,
y=1
where

Al ={zeR: | >k}, v=1,...,N,

and 1g(z) is the characteristic function of the set E, that is, 1g(z) = 1if x € F and 1g(z) = 0if = ¢ E.
(2.2) with the test function ¢ be as in (2.4) gives

N n N N N
[ Y S ape Y cipargde= Y [ 13" caGu s, (2.5)

2 o, B=114,j=1 y=1 a=1"92 =1
B a,p
J

where a;'7" = a7} (z,u).

15



H. Gao, H. Deng, M. Huang et al. Nonlinear Analysis 208 (2021) 112297

For the left hand side of (2.5), we note that

N n N
/ Z Z a;’fijuﬁ ZC’;’DiuwlAzdx
Q o

o,B=11,j=1
N n N
= / Z Z a; " Dju® Z CYDuY1 yvdz (terms for § = a)
2 a=1ij4=1 =1 *
N N n N
+/ Z Z a%’eDjuﬁ Z ClD;u"1 4vdx  (terms for g # )
2 021 B=1 B i1 =1 g
N n
= / Z Caa; " Dju*Diulsedzr  (terms for v = 5 = a)
2 a=1ij=1
N n N
+/ Z a; " Dju® Z CIDuY1 yvdx  (terms for v # 5 = «)
£ a=14,j=1 =1y g
N N n
+/ Z Z Z a%ﬂDjuﬁCgDiuﬂlAgdx (terms for v = 8 # ) 56
2 a=1p=1B#aij=1 k (2.6)
N N n N
+/ Z Z Z a%ﬁDjuB Z CYDu"1 yvdx  (terms for v # 8,5 # «)
2 621 =1 i =1 V=8 ’
N n
= / Z Cg‘aioff‘DjuaDiuo‘lAgdx (terms for v = 8 = «)
2 a=1i,j=1
N n N
+/ Z Z a;* Dju® Z C)Du"1 yvdx  (terms for v # = «)
2 a=1i,j=1 =170 g
N N n
+/ Z Z Z ra’ﬁag’ijuﬁC’gDiuﬁlAgdr (terms for v = 8 # «)
2 a=1p8=1,ai,j=1 k
N N n N
+/ Z Z Z r“”@af”jﬁDjuB Z C’gDizﬂlAdeE (terms for v # 3,5 # «)
? a=1p=1p#aij=1 v=1,7#8
= Lh+L+L+14
It is obvious that, recalling that r** =1 for all « € {1,..., N},
N n
L+1I; = / Z Z r“’ﬁa’g’jfBDjuﬁCgDiuﬂlAgdx
2o B=1ij=1 k
(2.7)

N n N
= /QZ Z ( TO"BC’g) af,’jﬁDjuﬂDiuﬁlAfdx
1

B=14,j=1 \a=

and

N n N
Bl = [ 3 Y et Y by
?a,p=1i5=1 v=1,7#8 (2.8)

N n N
/w Z Z (Z w"gccz) a;@,’jﬂDg‘uﬁDiu'ydm.
A

k Byy=1,B7#v 1,j=1 \a=1

If one can choose
N

Y orfel =1, for Be{l,...,N} (2.9)

a=1

16
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and
N

> rfCy =0, for B,y efl,...,N},B#7, (2.10)

a=1

then (2.9) and assumption (Aj3) allow us to estimate
N =n N )
L+I;= ; > Z angjuﬁDiuﬁAgdx >0y /AE |Du’|"d, (2.11)
B=14,5=1 B=1"4%
and (2.8) together with (2.10) implies
I+ 1, =0. (2.12)

Combining (2.5), (2.6), (2.11) and (2.12) one has

N N N
Co Z/ﬁ |DuB|2dx < Z/ fé ZC’gGk(u'y)dx. (2.13)
p=1"4% a=172 4o

Now, we prove that Egs. (2.9) and (2.10) are valid for appropriate choice of the constants CY, a,vy €
{1,...,N}. In fact, (2.9) and (2.10) have the form

N
> r*PCY =6y, for B,y €{1,...,N},

a=1

where ¢, is the Kronecker symbol. We note that the above system has N 2 equations and N? unknowns

CY, a,y€{1,...,N}, and can be rewritten as
R 0 --- 0 Ct el
0 R --- 0 C? e?
=1 .1, (2.14)
0o 0o -~ R \CV eN
where _
1 P21 p31 . LN ol
F12 1 P32 ... pN2 cJ
1,3 2,3 L. N,3 j J
R=1|r r 1 r , 07 = Cy
LN 2N 3N ... 1 i
r r r 1 Cy

and e/ is the unit vector of RY, j € {1,..., N}. By assumption (A4), det R # 0, and noticing the right hand
side of system (2.14) is nonzero, then there exists a unique nonzero solution to (2.14). We choose C) to be
the unique nonzero solution to (2.14) and we have (2.9) and (2.10).

We now estimate the right hand side of (2.13). Note that

Gp(u) =0, forze 2\ A4},
then Sobolev Embedding Theorem

1oll o+ (2) < el Dvllzoce), Yo € Wy (£2),

17
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Holder inequality and Young inequality yield
N N
Z/ oY CLGK(W)d
oJ/e 4
N N
- >/ (Z Ozfa> G(u)do
A'Y

a=1

(24 (2*)’ L

dx </ |G (u”)] dx) (2.15)
N 2" i 1
« 2
(/AW d auf da (/Q |DG(u)| dz)

IA
WE
\

IA
o
M=

y=1 k la=1
2
N N @) @) N
< gceY | [ |SYar| @] weX [ bt
7:1 AZ a=1 ’\/:1 AZ

Substituting (2.15) into (2.13), and taking e = %, we arrive at

2 (23>'

N , N N
B B ra
Z/AB|Du|dx§c162 | w
B=1" "k B=1 k la=1
2
N N m m @5\ _2
el FoTans 2.16)
< . Bral 4 AP ( )(2 ) (
s Cle(/Aﬂ anf f) | Ak |
B=1 kE la=1
N (-G ) (-2 &
< ary |AY C < 17 N|Ag e

where
N N m =
017016Z</ ZCgf”‘ dx)
p=1 2 |a=1

is a constant and
Ap ={z € 2 : |u(z)| > k}.

The left hand side of (2.16) can be estimated as: for any h > k > ko,
N
Z/ |Duﬂ\2d:v
B=1 Ay
N
_ Z/ DG ()2 dx
Q

2

* 2*
> C2Z</ G (W) dx) (2.17)
* g=1
2
2*
> CQZ</ |G (u |dx>
* g—1
>

2
7<h—k>QZlAi|2 :
* /j’:l

18
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Combining (2.16) and (2.17) we have

1 N 2 (1— (2,;)/)%
S (h—k)?Y AP < errN| Ayl @
cs =1
which implies
N (2%’ *
C18 (1_ m )(2 _1)
D14 < g g A : (2.18)

where ¢15 = N(c17¢2N)? /2. Tt is not difficult to prove that

N
Annc | 4] (2.19)
B=1

In fact, for any « € Anp, one has |u(x)| > Nh, this fact together with
u(@)] < Jut (@) + - + [u® (2)]

implies that there exists at least one 3 € {1,..., N} such that |[u”(z)| > h, thus z € Ug]:l Ai and (2.19)
holds true. (2.19) implies

N
|Ann| < Z \A§\7 (2.20)
p=1
which together with (2.18) yields
(2*)l *
C18 (1_ ™m )(2 -1)
|[Ann| < h—hT | Ak . (2.21)

The condition (1.3) in Lemma 1.2 holds true with

2*/
ko = 0,¢(k) = |Ag|,c3 = c13,a = 2" and 3 = (1 - (m) ) (2" -1).

Now we use Lemma 1.2 to derive that:
(1) if 0 < B < 1, that is, 2% < m < Z, then

’ n42
aza (D) 1) 2.22
[ Al < ea | £ =aly : (2.22)
which is equivalent to |u| € L7 ().

(2) if B =1, that is, m = %, then for any ¢ > 1,

1 q
Al sa(3) 0 a=max(g1+2),

which is equivalent to
lul € LT . (12).

weak

e
2

(3) if B > 1, that is, m > %, then we let ko > ko = 0 satisfy ¢; = N#
allows us to derive that, for every k > ko,

@(ko)~' > 1. Lemma 1.2-(ITI)

_1logn VB
{lul >k} < crg-cg™ Y

19

(2.23)
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(2.23) implies

_klogn VB

= [{lul > K} < e19 - ¢

Ljuflogn VB 1iloen VB
el > ¢

~ 1logn VB
Let k =¢§ , then

1iylloen VB ~ c
Hcg'“ >I<JHSI~;29.

We now use Lemma 3.11 in [3] which states that the sufficient and necessary condition for a function
geL (), r>1,is

Zkr_1|{\g| >k} < +oo.
k=0

) ) - - Lpleen VB _ Lfleen VP
We notice that since k > ko, then k = ¢§ > ®

and r = 1, since
> 1i,loen VB ~
3 {6' >k}’

k=0

(30 5 ) febt= )

k=0 k=K+1

Ljy|loen VB
. We use the above lemma for g = ¢§

oo

1
< (K+1)|2[+co Y =
k=K-+1
< o0,
lElOgN\/B
where K = |¢g ° , then
Liylloen VB
2" e L. (2.24)

1 o
We let A = %ln c6, then e* = ¢Z, which together with (2.24) implies the desired result Alul' e VP

LY(Q). O

€

Remark 2.1. In Theorem 2.1-(1) we derive the result |u| € L7 (£2), this implies, for any j € {1,..., N},

weak
W (z) € L (02). (2.25)

weak

In fact, for any j € {1,..., N},
[ (2)] < Ju(z)],

which implies, for any k£ > 0,
{re: ()] >k} C{re:|u) >k}

thus |Afc| < |Ag|, this together with (2.22) implies

ok

| 1N\ 2w "
isa(p) e ()

20

(2.25) follows.
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2.2. Quasilinear elliptic systems with degenerate ellipticity condition.

In this subsection we consider (distributional) solutions of quasilinear elliptic systems (2.1). We make use
of the following assumptions on the coefficients afﬁ;ﬁ(m, y):fori,j € {l,...,n}and o, 8 € {1,...,N}, (A1),
(A2) and (A4) hold, but (Asz) replaced by

(A%) (degenerate ellipticity of the diagonal coefficients) there exist two positive constants ¢y > 0 and
0 < 0 < 1 such that

C CL A
0(1 _|_| a)f = Z
2,j=1
for almost all z € 2, all y € RN all A\ € R" and all « € {1,...,N}.
We note that, because of condition (A%), the differential operator

- 5‘u5x
,Z; ZZ“ ax(j)

in (2.1) is not coercive on W, 2(£2).

For the case N = 1, that is, (2.1) is only one single degenerate elliptic equation, existence and regularity
results have been deeply studied, we refer the reader to [16,17,43-50].

We now use Lemma 1.4 to prove the following:

Theorem 2.2. Suppose u is a solution to (2.1) with respect to f € L™(2;RN), m > (2%) = HQ—]:Q Under
the assumptions (A1), (Az), (A3) and (As), we have

(1) g 'fm <m <2, then |u € L7 0 (02);

(2) if m = %, then for any g > 1, |u| € Lweak(()), ¢ =max{q,1+2*};

(3) if m > %, then there exists X > 0 such that Al 8N VP L'(12).

Proof. In order to prove Theorem 2.2-(1), we take a test function p = (p!,..., ") in (2.2) as
N
=Y AT(Gr(u)), a€{l,...,N}, (2.26)
y=1
here ¢), a,y € {1,..., N} are real constants to be chosen later. Then
N
Dig™ =Y caDiu gy,
~y=1
where

Bl ={ze:k<|u| <2k}, y=1,...,N.

(2.2) with the test function ¢ as in (2.26) gives

N n
/ Z Z ’ﬁD u ZC’YD u"*ledx
— = y=1

a,B=1

N YN
Z/ Z A Ti(Gr(u))dz,
a=1 y=1

(2.27)

where we have denoted again a; ”8 a; }6 (z,u).

21
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For the left hand side of (2.27), we note that (by the same reason as (2.6), with Af replaced by B,f and
A] replaced by B})

N
/ Z aiofijuﬂ chDiuwledaj

Jj=1 y=1

N
= /Z catsy Dju®Djulpoede
0 -
N

N n
+/ Z Z a; ¥ Dju® Z caDiul 1 gyda (2.28)

t,j=1 Y=1y#a

n N

N N
XS S o Y apatigs

B=1,6%a i,j=1 y=1,7#8

It is obvious that
N n N
L+1; :/ > (Z raﬁc§> a;"’ Djuf D1 pda (2.29)
o} =

and

N n N
Li+1,= / Z Z (Z r‘)"ﬁcg> aﬁ}ﬂDjuﬁDiqum. (2.30)

kﬂv 1,B#v 1,j=1

As in the proof of Theorem 2.1, by the condition (A4), one can choose

N
Zro"ﬁcgzl, for g €{1,...,N} (2.31)
a=1
and
N
> i =0, for By e{l,...,N},B#7, (2.32)
a=1

then (2.31) and (A%) allow us to estimate

DuP
L+1= /Z Z a) "’ Dju” Diuf1 ,3dx>c02/5 HTUL' dr, (2.33)

=11,j5=1

and (2.30) together with (2.32) implies
L+ 1;=0. (2.34)

Combining (2.27), (2.28), (2.33) and (2.34) one has

uf)? N
“ z; /,f (1lflug’l)"dw : z:: / I ) AT(Gilu))de. (2.35)
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We now estimate both sides of (2.35). For the left hand side, since 1 + |u®| < 1+ 2k for = € Bg, then we
use Sobolev Embedding Theorem again in order to derive

IV
=
+
[\)
=

QD
\

E

<

E

2’

S

N

= +2k62/|DTka )| dz
e Z (/ TGl ))|2*dx>
+2k c2(1+ 2k)? Z (/ T (G (u ))Q*dw>

B ck2 A 22*
B (1+2k92| ¢l

For the right hand side, since Gi(uY) =0 for x € {x € 2 : |u¥(x)| < k} and |Tk(Gk(u?))| < k, then the
condition f € L™(2;RYN) (s 2 < m < %) together with Holder inequality implies

Z/ fa CwTk (Gr(u™))dx

N
= > /A , Z LT (Grlu))da

k a=1

2 (2.36)

2%

Y

2
2%

v

N N
< >[I ar| mG)da
~y=1 AZ a=1
N N (2.37)
< kY / S e de
~y=1 AZ a=1
N N m 7 L
< kZ(/ > s dx) A7 [
~y=1 A’]z a=1
N 1
< CQOkZ|AZ|W7
y=1
where L
N N m m
C20 = Z </ dx)
y=1 2 a=1
Substituting (2.36) and (2.37) into (2.35) one has
% (1+2
Z|A < Caoci(1+ 20)7 = b’ Z|A7|m.
For all k > ko =1, (1+2k)? < (3k)‘9, then
2& 620623 ~ 62 N ~
Z\A e QZ|A|m = S g, (2.39)
y=1

23
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where ¢y = M We recall that Ay = {z € 2 : |u(z)] > k} and (2.20), from the above inequality we

derive )
2%

9 N N 2
[Aoni T < | 145, Z
B=1 B=1

N
C21 L 021N 1
1S Az < A e

~y=1

which is equivalent to

2*
(CglN)T 2*/
‘AQNk‘ S W|Ak|2m .
2
The inequality (*) in Remark 1.1 holds with
. 2" (1—0)2* 2%
(p(k) = |Ak|7 c3 = (021N) 2, a= T and ﬂ = i

Since m < 4, then 0 < < 1. We are now in a position to use Remark 1.1 which states that the inequality
(%) is equivalent to (1.3), then we use Lemma 1.2 to derive that

S m**(1-6)
1-8
wia()=aly)

which is equivalent to |u| € Lwea,gl 0)((2), as desired.
In order to prove Theorem 2.2-(2), (3), we take a test function ¢ = (p!,..., ") in (2.2) with ¢* as in
(2.4). We follow the lines of the proof of Theorem 2.1 until we arrive at (2.10). For appropriate choice of the

constants C7, a,y € {1,..., N}, 2.9) and (2.10) can be satisfied. Then (2.9) and (A%) allow us to estimate

Du5|
I+ 15 = JPDjuP Dl pde > / | 2.39
1+ 13 = Q;ij:la U Diul1 pdx COZ Aﬁ A+’ dx. (2.39)

Combining (2.5), (2.6), (2.39) and (2.12) one has

D -
OZ/B A+ )7 /fZCG“‘
4 (2.40)
Z/ <Zcﬁfa>Gk d15<622z</ Gr(u?)|™ dl‘) ;

where cy9 = Hzgzl C’gfa . Let

Lm(£2)

nm
o= ——"—,
nm-—n-+m

the condition m > (2*)" implies o < 2. We can write, by Holder inequality and (2.40),

Z/ |Du?|” dx:

A8

— Z/E&OJFWBD%CZI
A

Sla s |uﬁ|>7”
e (2.41)

IN
[]=
/N
e 7

™
=
+ |
T %
I

=
jsW

=2
~
[V
/N
T
—

_|_

2

Y

o

Q

js|

S
~

IA
~
WE
S
™
=
+10
=%
_m_
=
QL
8
M=
T Eqliey
—
o
_|_
=
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Note that o* = m’, then Sobolev inequality allows us to estimate

IA
S8
M=

o ) e (2.42)

AN
A~
5
~——
NS}
] =
2
5
oy

A A
* *
N~
Q
—~ & ‘5
o |8 —
N i
- 1M
7 N
M= 5—
s~
@ )
— o
N =
= =
Q )
Y
& g
~__
(S |

Substituting (2.42) into (2.41) we arrive at
o2

N N 2

o 0o
}:/AB DuP " dz < ca E:(/Aﬁ(l—i—uﬁb?—vdaﬁ) , (2.43)
B=1 k B=1 k

where co3 = (c*2N)2 (602—02)0. If k > ko = 1, one has on Ai that 1 + |[u®| < 2(k + |Gr(u?)]), then

=17 Ay ,
[~ , e
< co3 (/6(2(k+ |Gk(u'3)|))2—o‘ dI)
_ A
:ﬁ_l k g2 (2.44)

IN IN
o
[\v]
& =
MZ
2
_ g
> 7 S
_9 }\
D>
@ S
L\J ¥
q q
+
Z \ Q
\ >
Q -
= [V
/—\ \gb
q
= QU
— 8
Ny N—
Qq
Q “‘
8
~—
¥
Q

Since
0 <1, m>f:700 <o",
2 2—o0

then using Hoélder, Sobolev and Young inequalities, one obtains

N
Z/ |Du?|” dx
=1 Ay

I

N [ *
2-0o o* 7 2—g— 202
< 0252 kaU|A£| + (/B |Gk(uﬁ)| dx) |A§j| o
= A
Bz;l I ' 0 (2.45)
2—0 o 2—0o— 2%
< sy KA e (/ |Du®| dx> AP
A8
ﬁ:l L k
N 2-0 o (2-0)o* 9
< e S| K047 +5/ﬁ|Du/B| do + e(e)|Af) T
=1L Ak
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If we choose ¢ small enough such that cos Ne = %, then the second term in the right hand side of the above
inequality can be absorbed by the left hand side, then

(2—0)o* —bo

N N

2— E3
Z/B |Du5\adx < ¢og Z k90|A£| 4 + |A£| (1—0)o )
p=1" 4 B=1

m > % implies

(2—0)o* — 0o
9 BT 9)0 700
N F P

so that, for k > kg = 1, we can write, observing that \Ag\ < ||,
N N ) N
—0 p—
Z/B ‘D’Uﬁrdl‘ S Cov Z ]{390|A§| § 027]{790 Z |Ak|2 U. (246)
g=1"4% =1 =1

The left hand side of the above inequality can be estimated as follows: for any h > k > kg = 1,

Du? " dx = /DG )| dx
3 [y 10w as =3 [ 106w
1 & T Y -\
> — Gr(®)|” dx > — / Gr(?)|” dx 247
> ;([45| o ()] ) —c*;<,45' o) ) (2.47)

1 a o
= —(h=k)7 >N
* ﬁ:l

Combining (2.46) and (2.47) and making use of (2.20), we have

N
|Ann|o™ < Z A7
A1

B=1 B=1
from which we derive ,
|Ana| < (,?g_kk)g* 14457
The condition (1.22) in Lemma 1.4 holds true with
(2—0)o*

ko = 1,¢(k) = |Ag|,c10 = c2s,a = 0¥, and (=

Now we use Lemma 1.4 to derive that:
If m = 5, then 3 = 1, thus for any ¢ > 1,

1\? _ .
Agl < s (k) = max{g,1+ 0"},

which is equivalent to
lul € LT (92).

weak

If m > %, then 8 > 1. As in the proof of part (3) in Theorem 2.1 one can derive the desired result

AlulPEn VB LY(2) for some A > 0. O
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