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a b s t r a c t

We present two generalizations of the classical Stampacchia Lemma. As applica-
tions, we consider Dirichlet problem for elliptic systems of the form⎧⎪⎨⎪⎩ −

n∑
i=1

∂

∂xi

(
N∑

β=1

n∑
j=1

aα,β
i,j (x, u(x))

∂uβ(x)
∂xj

)
= fα, in Ω ,

u(x) = 0, on ∂Ω .

Under ellipticity and degenerate ellipticity conditions of the diagonal coefficients
and proportional conditions of the off-diagonal coefficients, we derive some global
regularity results.

© 2021 Elsevier Ltd. All rights reserved.

1. Two generalizations of Stampacchia Lemma

Guido Stampacchia (1922–1978), an Italian mathematician, was famous for his works on the theory of
variational inequalities, the calculus of variation and the theory of elliptic PDEs. Among such works, there
is the following Stampacchia Lemma (see Lemma 4.1 in [1]):

Lemma 1.1. Let c1, α, β be positive constants. Let φ : [k0, +∞) → [0, +∞) be nonincreasing and such that

φ(h) ≤ c1

(h − k)α
[φ(k)]β (1.1)

for every h, k with h > k ≥ k0. It results that:
(i) if β > 1 then we have

φ(k0 + d) = 0,
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where
dα = c1[φ(k0)]β−12

αβ
β−1 .

(ii) if β = 1 then for any k ≥ k0 we have

φ(k) ≤ φ(k0)e1−(c1e)− 1
α (k−k0).

(iii) if β < 1 and k0 > 0 then for any k ≥ k0 we have

φ(k) ≤ 2
α

(1−β)2
{

c
1

1−β
1 + (2k0)

α
1−β φ(k0)

}(
1
k

) α
1−β

.

Stampacchia Lemma is an efficient tool in dealing with regularity issues of solutions of elliptic PDEs as
well as minima of variational integrals, and is used till now repeatedly by many mathematicians. As an
example, we consider solutions of the following linear Dirichlet problem (see [2]):{

−div(M(x)Du(x)) = g(x), x ∈ Ω ,
u(x) = 0, x ∈ ∂Ω ,

where Ω ⊂ Rn, n > 2, M(x) : Ω → Rn×n is a matrix satisfying

M(x)ξ · ξ ≥ α|ξ|2 and |M(x)| ≤ β, a.e. Ω

or some 0 < α ≤ β < ∞, and g ∈ Lm(Ω) with m > (2∗)′ = 2n
n+2 . We use

Gk(u) = u − Tk(u) = u − min
{

1,
k

|u|

}
u

s test function and we have
α

∫
Ω

|DGk(u)|2dx ≤
∫
Ω

gGk(u)dx.

he use of Hölder inequality and Sobolev inequality yield for any h > k ≥ 0,

|Ah| ≤ cg
|Ak|

2∗
(

1
(2∗)′ − 1

m

)
(h − k)2∗ ,

here
Ak = {x ∈ Ω : |u(x)| > k}

s the superlevel set of u, and |Ak| denotes the Lebesgue measure of Ak. The condition (1.1) holds with

k0 = 0, φ(k) = |Ak|, c1 = cg, α = 2∗, β = 2∗
(

1
(2∗)′ − 1

m

)
,

hen one can use Stampacchia Lemma (Lemma 1.1) to derive that:

• if 2∗
(

1
(2∗)′ − 1

m

)
> 1 (that is m > n

2 ), then there exists d > 0 such that |Ad| = 0: u is bounded
(|u(x)| ≤ d a.e. Ω);

• if 2∗
(

1
(2∗)′ − 1

m

)
= 1 (that is m = n

2 ), then there exists λ > 0 such that eλ|u| ∈ L1(Ω): u belongs to the
exponential class Exp(Ω);

• if 0 < 2∗
(

1
(2∗)′ − 1

m

)
< 1 (that is (2∗)′ < m < n

2 ), then there exists c̃0 > 0 such that |Ak| ≤ c̃0
( 1

k

) α
1−β =

c̃
( 1 )m∗∗

: u belongs to the Marcinkiewicz space Lm∗∗ (Ω), m∗∗ = nm .
0 k weak n−2m

2
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The above example illustrates how Stampacchia Lemma can be used to derive regularity results. For some
other results related to Lemma 1.1, we refer to [3–13].

As far as we know, the first (incomplete) version of Stampacchia Lemma was given in 1960 in [14]. There
are different versions of the Stampacchia Lemma, see, for example, [7,9,15]. In [7], the authors compared
two versions of Stampacchia Lemma: in (1.1) we take h = 2k and a constant c2 in place of c1,

φ(2k) ≤ c2

kα
[φ(k)]β , ∀k ≥ k0. (1.2)

t is obvious that (1.1) implies (1.2) with c2 = c1. In [7], the authors proved that (see Remarks 1, 2, 3 in
7]):

• for the case 0 < β < 1, the two assumptions (1.1) and (1.2) are equivalent;
• for the case β = 1, (1.1) is stronger than (1.2). More precisely, the function φ(k) = e−(ln k)2 , k ≥ 1,

verifies (1.2) with β = 1, α = 2 ln 2, c2 = 2− ln 2 but it does not satisfy (1.1), for any choice of the two
constants α > 0 and c1 > 0;

• for the case β > 1, (1.1) is also stronger than (1.2). More precisely, the function φ(k) = e−kp ,
p = log2(2β), k ≥ 1, verifies (1.2) with β > 1, c2 = 1, any α > 0 and a suitable k0 = k0(α, β) ≥ 1, but
it does not satisfy (1.1) for any choice of the three constants β > 1, α > 0 and c1 > 0.

Due to the importance of the Stampacchia lemma (Lemma 1.1) in the regularity theory of partial
ifferential equations, we now give two generalizations.

.1. The first generalization.

The first generalization is the following lemma, which can be used in dealing with regularity issues of
lliptic systems, see Section 2.1.

emma 1.2. Let c3, α, β be positive constants, k0 > 0 and N > 1. Let φ : [k0, +∞) → [0, +∞) be
onincreasing and such that

φ(Nh) ≤ c3

(h − k)α
[φ(k)]β (1.3)

or every h, k with h > k ≥ k0. It results that:
(I) if β < 1 then for any k ≥ k0 we have

φ(k) ≤ c4

(
1
k

) α
1−β

, (1.4)

where

c4 = max

⎧⎨⎩(2N)
α(2−β)
(1−β)2

[
1 + φ(k0)

(
(k0)α

c3

)1/(1−β)
]β

c
1

1−β
3 , φ(k0)(2Nk0)

α
1−β

⎫⎬⎭ .

(II) if β = 1 then for any k ≥ k0 and any q > 1, we have

φ(k) ≤ c5

(
1
k

)q̃

, (1.5)

here
q̃ = max{q, 1 + α}

nd

c5 = max

⎧⎪⎨⎪⎩(2N)
q̃(q̃+α)

α

⎡⎣1 + φ(k0)
(

(k0)α

c3[1 + φ(k0)]
α
q

) q̃
α
⎤⎦1− α

q̃ (
c3[1 + φ(k0)]

α
q

) q̃
α

, φ(k0)(2Nk0)q̃

⎫⎪⎬⎪⎭ .
3
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(III) if β > 1 then we have two cases: there exists k ≥ k0 such that φ(k) = 0, or for any k ≥ k0 we have
φ(k) > 0. In such a second case, for any k ≥ k̃0,

φ(k) ≤ max
{

1, φ(k̃0)cN2(k̃0+2c
1/α
3 ) logN

√
β

6

}
c−klogN

√
β

6 ,

here

c6 = c

1
βlogN

√
Nc8

7 , c7 = N
α

β2 φ(k̃0)−1, c8 = max
{

k̃0 + 2c
1/α
3

N
,

c
1/α
3

N ln N
, 1
}

,

and k̃0 ≥ k0 is a constant such that c7 > 1, see Remark 1.2.

Proof (I). β < 1. We take h = 2k in (1.3) and we have

φ(2Nk) ≤ c3

kα
[φ(k)]β , N > 1, k ≥ k0. (1.6)

et

φ1(s) = φ(s)
(

sα

c3

) 1
1−β

. (1.7)

(1.7) together with (1.6) implies

φ1(2Nk) = φ(2Nk)
(

(2Nk)α

c3

) 1
1−β

≤ c3

kα
[φ(k)]β(2N)

α
1−β

(
kα

c3

) 1
1−β

= (2N)
α

1−β [φ1(k)]β ,

from which we derive, for any positive integer j ∈ N+,

φ1
(
(2N)jk0

)
= φ1

(
2N
(
(2N)j−1k0

))
≤ (2N)

α
1−β

[
φ1((2N)j−1k0)

]β
≤ (2N)

α
1−β

{
(2N)

α
1−β

[
φ1
(
(2N)j−2k0

)]β}β

= (2N)
α

1−β (2N)
αβ

1−β
[
φ1
(
(2N)j−2k0

)]β2

≤ · · · · · ·

≤ (2N)
α

1−β (2N)
αβ

1−β · · · (2N)
αβj−1

1−β [φ1(k0)]β
j

≤ (2N)
α

(1−β)2 [1 + φ1(k0)]β ,

(1.8)

here we have used the facts

α

1 − β
+ αβ

1 − β
+ · · · + αβj−1

1 − β
= α

1 − β

(
1 + β + · · · + βj−1) ≤ α

(1 − β)2

and
[φ1(k0)]β

j

≤ [1 + φ1(k0)]β
j

≤ [1 + φ1(k0)]β .

For any k ≥ k0, we split the proof into two cases: k ≥ 2Nk0 and k0 ≤ k < 2Nk0:
(1) for the first case k ≥ 2Nk0, there exists a positive integer j ∈ N+ such that

(2N)jk ≤ k < (2N)j+1k .
0 0

4
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By virtue of (1.7), (1.8) and the nonincreasing property of φ(k), one has

φ1(k) = φ(k)
(

kα

c3

) 1
1−β

≤ φ((2N)jk0)
((

(2N)j+1k0
)α

c3

) 1
1−β

= (2N)
α

1−β φ1
(
(2N)jk0

)
≤ (2N)

α
1−β (2N)

α
(1−β)2 [1 + φ1(k0)]β

= (2N)
α(2−β)
(1−β)2 [1 + φ1(k0)]β .

(1.9)

Substituting (1.9) into (1.7) we arrive at

φ(k) = φ1(k)
( c3

kα

) 1
1−β ≤ (2N)

α(2−β)
(1−β)2 [1 + φ1(k0)]βc

1
1−β
3

(
1
k

) α
1−β

. (1.10)

(2) for the second case k0 ≤ k < 2Nk0, one has

φ(k) ≤ φ(k0) = φ(k0)k
α

1−β

k
α

1−β
≤ φ(k0)(2Nk0)

α
1−β

(
1
k

) α
1−β

. (1.11)

(1.11) together with (1.10) yields the desired result (1.4).
(II) β = 1. For any k ≥ k0 and any q > 1, we let q̃ = max{q, 1 + α}. (1.3) implies

φ(Nh) ≤ c3

(h − k)α
φ(k)

= c3

(h − k)α
[φ(k)]

α
q̃ [φ(k)]1− α

q̃

≤ c3[φ(k0)]
α
q̃

(h − k)α
[φ(k)]1− α

q̃

≤ c3[1 + φ(k0)]
α
q

(h − k)α
[φ(k)]1− α

q̃ .

Since 0 < 1 − α
q̃ < 1, then one can make use of (1.4) to derive (1.5) (with c3[1 + φ(k0)]α/q in place of c3 and

− α
q̃ in place of β).

(III) β > 1. For any nonnegative integer s ≥ 0, we let

k = Ns
(

k̃0 + c
1/α
3 s

)
= k̃s

and
Nh = Ns+1

(
k̃0 + c

1/α
3 (s + 1)

)
= k̃s+1,

where we recall that k̃0 ≥ k0 is a constant such that c7 = N
α

β2 φ(k̃0)−1 > 1. It is obvious that

h = Ns
(

k̃0 + c
1/α
3 (s + 1)

)
> k,

hich allows us to take k and h as above in (1.3) and we have

φ(k̃s+1) ≤ c3

(Nsc
1/α
3 )α

[φ(k̃s)]β = 1
Nsα

[φ(k̃s)]β . (1.12)

ote that the above inequality holds true for the case s = 0, that is,

φ(k̃ ) ≤ [φ(k̃ )]β . (1.13)
1 0

5
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Thus, for any positive integer s ≥ 1,

φ(k̃s+1)
≤ 1

Nsα
[φ(k̃s)]β

≤ 1
Nsα

[
1

N (s−1)α

[
φ(k̃s−1)

]β]β

= 1
Nsα

1
N (s−1)αβ

[
φ(k̃s−1)

]β2

≤ · · · · · ·
≤ 1

NsαN (s−1)αβN (s−2)αβ2 · · · N1·αβs−1 [φ(k̃1)]β
s

≤ 1
NsαN (s−1)αβN (s−2)αβ2 · · · N1·αβs−1 [φ(k̃0)]β

s+1

≤ 1
Nαβs−1 [φ(k̃0)]β

s+1

=
(

N
α

β2 φ(k̃0)−1
)−βs+1

,

(1.14)

here we have used (1.12), (1.13) and the fact

N > 1, α > 0, s ≥ 1 ⇒ NsαN (s−1)αβN (s−2)αβ2
· · · N1·αβs−1

≥ Nαβs−1
.

1.14) yields that, for any positive integer s ≥ 2,

φ(k̃s) ≤
(

N
α

β2 φ(k̃0)−1
)−βs

. (1.15)

For any k ≥ k̃0, we distinguish between two cases: k ≥ k̃2 and k̃0 ≤ k < k̃2.
For the case k ≥ k̃2, there exists a positive integer s ≥ 2 such that

k̃s ≤ k < k̃s+1.

1.15) allows us to estimate

φ(k) ≤ φ(k̃s) ≤
(

N
α

β2 φ(k̃0)−1
)−βs

. (1.16)

e let

c8 = max
{

k̃0 + 2c
1/α
3

N
,

c
1/α
3

N ln N
, 1
}

,

hen one can prove that, for 1 ≤ s ∈ R,

k̃0 + c
1/α
3 (s + 1) ≤ c8Ns. (1.17)

In fact, let
f(s) = c8Ns −

[
k̃0 + c

1/α
3 (s + 1)

]
, s ≥ 1.

It is obvious that
f(1) = c8N −

[
k̃0 + 2c

1/α
3

]
≥ 0,

and
f ′(s) = c8Ns ln N − c

1/α
3 ≥ c8N ln N − c

1/α
3 ≥ 0,

so for all s ≥ 1, f(s) ≥ 0. (1.17) is proved.
From (1.17) and the fact k < k̃s+1 we know that

k < Ns+1
(

k̃0 + c
1/α(s + 1)

)
≤ c8N2s+1,
3

6
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(

T

R

a

s
h

W

S

which yields
s >

1
2

[
logN

(
k

c8

)
− 1
]

= 1
2 [logN k − logN c8 − 1]

= logN β logβ k
1
2 − 1

2 logN (Nc8)

= logβ k
1
2 logN β − logN

√
Nc8

= logβ klogN

√
β − logN

√
Nc8.

(1.18)

Combining (1.16) and (1.18) we arrive at

φ(k) ≤
(

N
α

β2 φ(k̃0)−1
)−βs

= c−βs

7

≤ c−β

[
logβ klogN

√
β−logN

√
Nc8

]
7

= c
− β

logβ klogN
√

β

βlogN
√

Nc8
7

= c−β
logβ klogN

√
β

6

= c−klogN
√

β

6 ,

(1.19)

where c6 = c

1
βlogN

√
Nc8

7 .
For the case k̃0 ≤ k < k̃2 we have

φ(k) ≤ φ(k̃0) = φ(k̃0)ck̃2 logN

√
β

6 c
−k̃2 logN

√
β

6

≤ φ(k̃0)ck̃2 logN

√
β

6 c
−k logN

√
β

6

(1.20)

1.19) and (1.20) yield the desired result. □

wo Remarks:

emark 1.1. We notice that, in the proof of Lemma 1.2-(I), we have taken h = 2k in (1.3) and we have
(1.6). We remark that, in the case 0 < β < 1, the two assumptions (1.3) and

φ(2Nk) ≤ c̃3

kα
[φ(k)]β , N > 1, k ≥ k0 (∗)

re equivalent. In fact,
(1.3)⇒(∗). We take h = 2k in (1.3) and we get (∗) with c̃3 = c3.
(∗)⇒(1.3). Let us consider h > k ≥ k0. We split the proof into two cases: (2N)j+1k ≥ h > (2N)jk for

ome integer j ≥ 1 and 2Nk ≥ h > k. For the first case (2N)j+1k ≥ h > (2N)jk, since φ non-increases, we
ave

φ(h) ≤ φ((2N)jk) = φ
(
(2N)(2N)j−1k

)
.

e keep in mind that j ≥ 1 so (2N)j−1k ≥ k ≥ k0 and we can use (∗) with (2N)j−1k in place of k:

φ
(
(2N)(2N)j−1k

)
≤ c̃3

((2N)j−1k)α
[φ((2N)j−1k)]β .

ince (2N)j−1k ≥ k, we use the monotonicity of φ to have

φ((2N)j−1k) ≤ φ(k),

7
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S
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1

a
e

then
[φ((2N)j−1k)]β ≤ [φ(k)]β .

ince (2N)j+1k ≥ h, we have ((2N)j+1 − 1)k ≥ h − k, then

(2N)j−1k = (2N)j+1k

(2N)2 ≥ ((2N)j+1 − 1)k
(2N)2 ≥ h − k

(2N)2 ,

thus
φ(h) ≤ φ((2N)jk) = φ((2N)(2N)j−1k)

≤ c̃3

((2N)j−1k)α
[φ((2N)j−1k)]β

≤ (2N)2αc̃3

(h − k)α
[φ(k)]β .

or the second case 2Nk ≥ h > k, since φ non-increases we have

φ(h) ≤ φ(k) = [φ(k)]β [φ(k)]1−β .

he proof of Lemma 1.2-(I) used only (1.6), that is (∗), so we get (1.4)

φ(k) ≤ c4

(
1
k

) α
1−β

,

where c4 is defined with c̃3 in place of c3. Then

φ(h) ≤ φ(k) = [φ(k)]β [φ(k)]1−β

≤ [φ(k)]β
[

c4

(
1
k

) α
1−β

]1−β

= [φ(k)]βc1−β
4

(
1
k

)α

.

Since 2Nk ≥ h we get (2N − 1)k≥h − k and
(

1
(2N−1)k

)α

≤
(

1
h−k

)α

, then

φ(h) ≤ [φ(k)]βc1−β
4

(
1
k

)α

≤ [φ(k)]βc1−β
4 (2N − 1)α

(
1

h − k

)α

.

In both cases we have obtained (1.3) with c3 = max{(2N)2αc̃3, c1−β
4 (2N − 1)α}.

Remark 1.2. In Lemma 1.2-(III) we assume that there exists k̃0 ≥ k0 such that c7 = N
α

β2 φ(k̃0)−1 > 1.
e remark that this is always the case because (1.3) implies

φ(Nh) ≤ c3

(h − k0)α
[φ(k0)]β → 0, h → +∞,

hen there exists k̃0 ≥ k0 such that
φ(k̃0) < N

α
β2 .

.2. The second generalization.

In order to give the second generalization of the Stampacchia Lemma, we should mention two papers [16]
nd [15]. In [16], Mammoliti proved a lemma in order to deal with regularity for solutions to some elliptic
quations with degenerate coercivity, see Lemma A.1 in the Appendix in [16]:
8
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Lemma 1.3. Let φ : R+ → R+ be a non-increasing function such that

φ(k) ≤ c9

(h − k)α
kθ̃α[φ(k)]β , ∀h > k > 0, (1.21)

or some positive constants c9, with α > 0, 0 ≤ θ̃ < 1 and β > 1. Then there exists k∗ > 0 such that
(k∗) = 0.

Note that, compared with (1.3), a factor kθ̃α appears in the right hand side of (1.21).
In [15], Kovalevskii and Voitovich proved three lemmas (Lemmas 2,3,4 in [15]) with condition (1.21) for

hree cases of β: 0 < β < 1, β = 1 and β > 1, see also [17].
Motivated by the above two paper, we give another generalization of Stampacchia Lemma, which can be

sed in dealing with regularity issues of degenerate elliptic systems, see Section 2.2.

emma 1.4. Let c10, α, β be positive constants, k0 > 0, N > 1 and 0 ≤ θ̃ < 1. Let φ : [k0, +∞) → [0, +∞)
e nonincreasing and such that

φ(Nh) ≤ c10kθ̃α

(h − k)α
[φ(k)]β (1.22)

for every h, k with h > k ≥ k0. It results that:
(I) if β < 1 then for any k ≥ k0 we have

φ(k) ≤ c11

(
1
k

)α(1−θ̃)
1−β

, (1.23)

where

c11 = max

⎧⎪⎨⎪⎩(2N)
(1−θ̃)α(2−β)

(1−β)2

⎡⎣1 + φ(k0)
(

(k0)(1−θ̃)α

c10

) 1
1−β

⎤⎦β

c
1

1−β
10 , φ(k0)(2Nk0)

(1−θ̃)α
1−β

⎫⎪⎬⎪⎭ .

(II) if β = 1 then for any k ≥ k0 and any q > 1, we have

φ(k) ≤ c12

(
1
k

)q̃

, (1.24)

here
q̃ = max{q, 1 + α}

nd c12 is the maximum value of

(2N)
q̃[q̃+(1−θ̃)α]

(1−θ̃)α

⎡⎣1 + φ(k0)
(

(k0)(1−θ̃)α

c10[1 + φ(k0)](1−θ̃)α/q

) q̃

(1−θ̃)α

⎤⎦1− (1−θ̃)α
q̃ + q̃

q (
c10[1 + φ(k0)](1−θ̃)α/q

) q̃

(1−θ̃)α

nd
φ(k0)(2Nk0)q̃.

(III) if β > 1 then we have two cases: there exists k ≥ k0 such that φ(k) = 0, or for any k ≥ k0 we have
φ(k) > 0. In such a second case, for any k ≥ k̃0,

φ(k) ≤ max
{

1, φ(k̃0)cN2(k̃0+τ21/(1−θ̃)) logN

√
β

13

}
c−klogN

√
β

13 ,
9
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T
L

where

c13 = c

1
βlogN

√
Nc15

14 , c14 = N
(1−θ̃)α

β2 φ(k̃0)−1,

c15 = max

⎧⎪⎨⎪⎩ max
1≤ℓ≤ℓ0

τ 1
1−θ̃

(
1

1−θ̃
− 1
)

· · ·
(

1
1−θ̃

− ℓ + 1
)

2
1

1−θ̃
−ℓ

N(ln N)ℓ
,

k̃0 + τ2
1

1−θ̃

N

⎫⎪⎬⎪⎭ ,

ℓ0 =
[

1
1 − θ̃

]
+ 1,

[s] is the integer part of s and τ is given in (1.26), and k̃0 ≥ k0 is a constant such that c14 > 1.

Proof. (I) For the case β < 1, we take h = 2k in (1.22) and we have

φ(2Nk) ≤ c10

k(1−θ̃)α
[φ(k)]β , N > 1, k ≥ k0. (1.25)

he difference between (1.6) and (1.25) is that c3 replaced by c10 and α replaced by (1 − θ̃)α. Thus, by
emma 1.2-(I), the result of Lemma 1.4-(I) follows.

(II) For the case β = 1, for any k ≥ k0 and any q > 1, we let q̃ = max{q, 1 + α} and q̂ = q̃

1−θ̃
. (1.22) with

β = 1 implies

φ(Nh) ≤ c10kθ̃α

(h − k)α
φ(k) = c10kθ̃α

(h − k)α
[φ(k)]

α
q̂ [φ(k)]1− α

q̂

≤ c10[φ(k0)]
α
q̂ kθ̃α

(h − k)α
[φ(k)]1− α

q̂

≤ c10[1 + φ(k0)]
(1−θ̃)α

q kθ̃α

(h − k)α
[φ(k)]1− α

q̂ ,

here we have used the fact
α

q̂
= (1 − θ̃)α

q̃
≤ (1 − θ̃)α

q
.

The fact 0 < 1 − α
q̂ < 1 allows us to make use of (1.23) to derive (1.24) (with c10[1 + φ(k0)](1−θ̃)α/q in place

of c10 and 1 − α
q̂ in place of β).

(III) For the case β > 1, we let for any nonnegative integer s ≥ 0,

k = Ns

(
k̃0 + τs

1
1−θ̃

)
= k̃s

and
Nh = Ns+1

(
k̃0 + τ(s + 1)

1
1−θ̃

)
= k̃s+1,

where

τ = max
{

1, k̃0,
[
c

1/α
10 2θ̃(1 − θ̃)

] 1
1−θ̃ , (c10)1/α(k̃0)θ̃

}
(1.26)

and we recall that k̃0 ≥ k0 is a constant such that c14 = N
(1−θ̃)α

β2 φ(k̃0)−1 > 1. It is obvious that

h = Ns

(
k̃0 + τ(s + 1)

1
1−θ̃

)
> k.
10
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w
(

F
k

T

w

(

We use Taylor’s formula in order to get

h − k = Nsτ

[
(s + 1)

1
1−θ̃ − s

1
1−θ̃

]
= Nsτ

[
1

1 − θ̃
s

θ̃
1−θ̃ + θ̃

2(1 − θ̃)2
ξ

2θ̃−1
1−θ̃

]
≥ Nsτ

1 − θ̃
s

θ̃
1−θ̃ ,

(1.27)

here ξ lies in the interval between s and s + 1. We take h and k as above in (1.22) and we make use of
1.27), (1.26): for any integer s ≥ 1,

φ(k̃s+1) ≤ c10k̃θ̃α
s

(h − k)α
[φ(k̃s)]β

≤
c10

[
Ns(k̃0 + τs

1
1−θ̃ )

]θ̃α

(1 − θ̃)α

Nsαταs
αθ̃

1−θ̃

[φ(k̃s)]β

≤
c10

[
Ns(2τs

1
1−θ̃ )

]θ̃α

(1 − θ̃)α

Nsαταs
αθ̃

1−θ̃

[φ(k̃s)]β

≤ 1
Ns(1−θ̃)α

[φ(k̃s)]β .

(1.28)

rom the definition of τ in (1.26) we know τ ≥ (c10)1/α(k̃0)θ̃, and this implies, by means of (1.22) with
= k̃0 and h = k̃0 + τ , that

φ(k̃1) ≤ [φ(k̃0)]β . (1.29)
hus, for any positive integer s ≥ 1,

φ(k̃s+1)
≤ 1

Ns(1−θ̃)α
[φ(k̃s)]β

≤ 1
Ns(1−θ̃)α

[
1

N (s−1)(1−θ̃)α

[
φ(k̃s−1)

]β]β

= 1
Ns(1−θ̃)α

1
N (s−1)(1−θ̃)αβ

[
φ(k̃s−1)

]β2

≤ · · · · · ·

≤ [φ(k̃1)]βs

Ns(1−θ̃)αN (s−1)(1−θ̃)αβN (s−2)(1−θ̃)αβ2 · · · N1·(1−θ̃)αβs−1

≤ [φ(k̃0)]βs+1

Ns(1−θ̃)αN (s−1)(1−θ̃)αβN (s−2)(1−θ̃)αβ2 · · · N1·(1−θ̃)αβs−1

≤ 1
N (1−θ̃)αβs−1 [φ(k̃0)]β

s+1

=
(

N
(1−θ̃)α

β2 φ(k̃0)−1

)−βs+1

,

(1.30)

here we have used (1.28), (1.29) and the fact

N > 1, (1 − θ̃)α > 0, s ≥ 1
⇒ Ns(1−θ̃)αN (s−1)(1−θ̃)αβ · · · N1·(1−θ̃)αβs−1

≥ N (1−θ̃)αβs−1
.

1.30) yields that, for any positive integer s ≥ 2,

φ(k̃s) ≤

(
N

(1−θ̃)α

β2 φ(k̃0)−1

)−βs

. (1.31)
11
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(

D

t

w

For any k ≥ k̃0, we distinguish between two cases: k ≥ k̃2 and k̃0 ≤ k < k̃2.
For the case k ≥ k̃2, there exists a positive integer s ≥ 2 such that

k̃s ≤ k < k̃s+1.

1.31) allows us to estimate

φ(k) ≤ φ(k̃s) ≤

(
N

(1−θ̃)α

β2 φ(k̃0)−1

)−βs

. (1.32)

enote
ℓ0 =

[
1

1 − θ̃

]
+ 1,

where [t] denotes the integer part of t. We let

c15 = max

⎧⎪⎨⎪⎩ max
1≤ℓ≤ℓ0

τ 1
1−θ̃

(
1

1−θ̃
− 1
)

· · ·
(

1
1−θ̃

− ℓ + 1
)

2
1

1−θ̃
−ℓ

N(ln N)ℓ
,

k̃0 + τ2
1

1−θ̃

N

⎫⎪⎬⎪⎭ ,

hen one can prove that, for 1 ≤ s ∈ R,

k̃0 + τ(s + 1)
1

1−θ̃ ≤ c15Ns. (1.33)

As a matter of fact, let
g(s) = c15Ns −

[
k̃0 + τ(s + 1)

1
1−θ̃

]
, s ≥ 1.

It is not difficult to derive that, for any positive integer ℓ with 1 ≤ ℓ ≤ ℓ0,

g(ℓ)(s) = c15Ns(ln N)ℓ − τ
1

1 − θ̃

(
1

1 − θ̃
− 1
)

· · ·
(

1
1 − θ̃

− ℓ + 1
)

(s + 1)
1

1−θ̃
−ℓ

and
g(ℓ)(1) = c15N(ln N)ℓ − τ

1
1 − θ̃

(
1

1 − θ̃
− 1
)

· · ·
(

1
1 − θ̃

− ℓ + 1
)

2
1

1−θ̃
−ℓ

.

We assert that, the (ℓ0 + 1)-th derivative of g(s):

g(ℓ0+1)(s) = c15Ns(ln N)ℓ0+1 − τ
1

1 − θ̃

(
1

1 − θ̃
− 1
)

· · ·
(

1
1 − θ̃

− ℓ0

)
(s + 1)

1
1−θ̃

−ℓ0−1

is positive, because
τ

1
1 − θ̃

(
1

1 − θ̃
− 1
)

· · ·
(

1
1 − θ̃

− ℓ0

)
≤ 0.

g(ℓ0+1)(s) > 0 implies g(ℓ0)(s) is an increasing function, which together with g(ℓ0)(1) ≥ 0 (which is a direct
consequence by the definition of c15) implies g(ℓ0)(s) is positive, which in turn, implies g(ℓ0−1)(x) is an
increasing function. After ℓ0 times, we derive that g(s) is positive, thus (1.33) is proved.

From (1.33) and the fact k < k̃s+1 we know that

k < Ns+1
(

k̃0 + τ(s + 1)
1

1−θ̃

)
≤ c15N2s+1,

hich yields
s >

1
2

[
logN

(
k

c15

)
− 1
]

= 1
2 [logN k − logN c15 − 1]

= logN β logβ k
1
2 − 1

2 logN (Nc15)

= logβ k
1
2 logN β − logN

√
Nc15

logN

√
β

√
(1.34)
= logβ k − logN Nc15.

12
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w

(

2

fi

2

w

α

Combining (1.32) with (1.34) we arrive at

φ(k) ≤

(
N

(1−θ̃)α

β2 φ(k̃0)−1

)−βs

= c−βs

14 ≤ c−β

[
logβ klogN

√
β−logN

√
Nc15

]
14

= c
− β

logβ klogN
√

β

βlogN
√

Nc15
14 = c−β

logβ klogN
√

β

13 = c−klogN
√

β

13 ,

(1.35)

here c13 = c

1
βlogN

√
Nc15

14 .
For the case k̃0 ≤ k < k̃2 we have

φ(k) ≤ φ(k̃0) = φ(k̃0)ck̃2 logN

√
β

13 c
−k̃2 logN

√
β

13

≤ φ(k̃0)ck̃2 logN

√
β

13 c
−k logN

√
β

13 .
(1.36)

1.35) and (1.36) yield the desired result. □

. Applications

This section is devoted to give some applications of the generalized Stampacchia Lemmas proved in the
rst section to regularity theory of quasilinear elliptic systems.

.1. Quasilinear elliptic systems with ellipticity condition.

Let n > 2, N ≥ 2 be integers and Ω an open bounded subset of Rn. We consider (distributional) solutions
of quasilinear elliptic systems involving N equations of the form⎧⎪⎪⎨⎪⎪⎩ −

n∑
i=1

∂

∂xi

⎛⎝ N∑
β=1

n∑
j=1

aα,β
i,j (x, u(x))∂uβ(x)

∂xj

⎞⎠ = fα, in Ω ,

u(x) = 0, on ∂Ω ,

(2.1)

here α ∈ {1, 2, . . . , N} is the equation index.
We make use of the following assumptions on the coefficients aα,β

i,j (x, y): for i, j ∈ {1, . . . , n} and
, β ∈ {1, . . . , N},
(A1) (Carathéodory condition) x ↦→ aα,β

i,j (x, y) is measurable and y ↦→ aα,β
i,j (x, y) is continuous;

(A2) (boundedness of all the coefficients) there exists a positive constant c such that

|aα,β
i,j (x, y)| ≤ c

for almost all x ∈ Ω and all y ∈ RN ;
(A3) (ellipticity of the diagonal coefficients) there exists a positive constant c0 such that

c0|λ|2 ≤
n∑

i,j=1
aα,α

i,j (x, y)λiλj

for almost all x ∈ Ω , all y ∈ RN , all λ ∈ Rn and all α ∈ {1, . . . , N};
(A4) (proportional condition of the off-diagonal coefficients) there exist constants rα,β , α, β ∈ {1, . . . , N},

such that for all i, j ∈ {1, . . . , n}, almost all x ∈ Ω and all y ∈ RN ,

α,β α,β β,β
ai,j (x, y) = r ai,j (x, y),
13
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the constants rα,β , α, β ∈ {1, . . . , N}, be such that rα,α = 1 and

det R = det

⎛⎜⎜⎜⎜⎜⎝
1 r2,1 r3,1 · · · rN,1

r1,2 1 r3,2 · · · rN,2

r1,3 r2,3 1 · · · rN,3

...
...

...
. . .

...
r1,N r2,N r3,N · · · 1

⎞⎟⎟⎟⎟⎟⎠ ̸= 0.

The following example gives aα,β
i,j (x, y) : Ω ×RN → R with α, β ∈ {1, . . . , N} and i, j ∈ {1, . . . , n}, which

atisfy the conditions (A1)-(A4).

xample 2.1. We let δi,j be the Kronecker symbol. For α, β ∈ {1, . . . , N} and i, j ∈ {1, . . . , n}, we define
α,β
i,j (x, y) as follows: for α ∈ {1, . . . , N},

aα,α
i,j (x, y) = δi,j ,

nd for α, β ∈ {1, . . . , N} with α ̸= β,

aα,β
i,j (x, y) = rα,βaβ,β

i,j (x, y) = rα,βδi,j ,

here the real numbers rα,β be such that det R ≠ 0, thus the condition (A4) holds true naturally. Moreover,
he condition (A1) is satisfied because x ↦→ aα,β

i,j (x, y) is measurable and y ↦→ aα,β
i,j (x, y) is continuous; the

ondition (A2) is satisfied with c = ∥R∥ =
(∑N

α,β=1 |rα,β |2
)1/2

; the condition (A3) is satisfied with c0 = 1.

efinition 2.1. We say that a function u : Ω → RN is a (distributional) solution with respect to (2.1), if
∈ W 1,2

0 (Ω ;RN ) and∫
Ω

N∑
α,β=1

n∑
i,j=1

aα,β
i,j (x, u(x))Djuβ(x)Diφ

α(x)dx =
N∑

α=1

∫
Ω

fα(x)φα(x)dx (2.2)

olds true for all φ ∈ W 1,2
0 (Ω ;RN ).

We remark that the condition (A2) is added in order to make finite the integral on the left hand side of
2.2). We remark also that assumption (A4) has been made in the special case N = 2 in [18]. Note that
e do not need that the off-diagonal coefficients are small, compare with the assumption (A3) on page 213

n [18].
For the case N = 1, that is, (2.1) is only one single equation, existence of distributional solutions

: Ω ⊂ Rn → R has been deeply studied, starting from [19], see also [5,20–23] and the survey [24]. Regularity
esults are contained in [25–30] and the survey [31] (see also [32]). For systems, N ≥ 2, the situation is very
ifferent with respect to the single equation case. There is a gap in the regularity scale for the solutions of
ystems and for the minimizers of integral vectorial functionals. Existence and regularity of solutions for one
ingle equation is usually obtained by a truncation argument, which shows why the vectorial case N ≥ 2 is
ifficult and only few contributions are available in the literature. In fact, for systems N ≥ 2, the p-Laplacian
(x, y, ξ) = |ξ|p−2

ξ is treated in [33,34], and the anisotropic case, in which each component of the gradient
iu may have a possibly different exponent pi, is dealt in [35,36]. For some other results related to elliptic

ystems, we refer to [37–39].
Recently, some noteworthy developments are made. In [18], the authors studied the existence of solutions

f quasilinear elliptic systems involving N equations and a measure on the right hand side with the form⎧⎪⎪⎨⎪⎪⎩ −
n∑

i=1

∂

∂xi

⎛⎝ N∑
β=1

n∑
j=1

aα,β
i,j (x, u(x)) ∂

∂xj
uβ

⎞⎠ = µα, in Ω ,
u(x) = 0, on ∂Ω ,

14
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h

w
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(

w

where α ∈ {1, 2, . . . , N} is the equation index and µ is a finite Randon measure on Rn with values in
N . Existence of a solution was proved for two different sets of assumptions on the coefficients aα,β

i,j (x, y).
In [40], the authors obtained similar results by assuming some smallness and cancellation conditions on the
coefficients. Maximum principles for some quasilinear elliptic systems can be found in [41].

In this section, we consider elliptic system (2.1) under the assumptions (A1)-(A4). We will use the gen-
eralized Stampacchia Lemmas proved in Section 1 to derive some global regularity results for distributional
solutions to (2.1). To our knowledge, it seems to be the first applications of the powerful and elegant
Stampacchia Lemma to elliptic systems.

Theorem 2.1. Suppose u is a solution with respect to f ∈ Lm(Ω ;RN ), m > (2∗)′ = 2n
n+2 . Under the

ssumptions (A1)–(A4), we have
(1) if 2n

n+2 < m < n
2 , then |u| ∈ Lm∗∗

weak(Ω), where m∗∗ = (m∗)∗ = nm
n−2m ;

(2) if m = n
2 , then for any q > 1, |u| ∈ Lq̃

weak(Ω), q̃ = max{q, 1 + 2∗};
(3) if m > n

2 , then there exists λ > 0 such that eλ|u|logN
√

β ∈ L1(Ω).

In the statement of Theorem 2.1-(1), the weak Lq spaces Lq
weak(Ω), known also as Marcinkiewicz spaces,

are defined as follows: if q > 1, then the space Lq
weak(Ω) consists of measurable functions g on Ω such that

sup
t>0

t|{x ∈ Ω : |g(x)| > t}|
1
q < ∞. (2.3)

For a detailed analysis of Lq
weak(Ω) spaces we refer to [42].

Proof. (of Theorem 2.1). We take a test function φ = (φ1, . . . , φN ) in (2.2) as

φα =
N∑

γ=1
Cγ

αGk(uγ), α ∈ {1, . . . , N}, (2.4)

ere and in what follows, for s ∈ R,

Gk(s) = s − Tk(s) = s − min
{

1,
k

|s|

}
s,

and Cγ
α, α, γ ∈ {1, . . . , N}, are real constants to be chosen later. Then

Diφ
α =

N∑
γ=1

Cγ
αDiu

γ1A
γ
k
,

here
Aγ

k = {x ∈ Ω : |uγ | > k}, γ = 1, . . . , N,

nd 1E(x) is the characteristic function of the set E, that is, 1E(x) = 1 if x ∈ E and 1E(x) = 0 if x /∈ E.
2.2) with the test function φ be as in (2.4) gives

∫
Ω

N∑
α,β=1

n∑
i,j=1

aα,β
i,j Djuβ

N∑
γ=1

Cγ
αDiu

γ1A
γ
k
dx =

N∑
α=1

∫
Ω

fα
N∑

γ=1
Cγ

αGk(uγ)dx, (2.5)

here aα,β = aα,β(x, u).
i,j i,j

15
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I

For the left hand side of (2.5), we note that

∫
Ω

N∑
α,β=1

n∑
i,j=1

aα,β
i,j Djuβ

N∑
γ=1

Cγ
αDiu

γ1A
γ
k
dx

=
∫
Ω

N∑
α=1

n∑
i,j=1

aα,α
i,j Djuα

N∑
γ=1

Cγ
αDiu

γ1A
γ
k
dx (terms for β = α)

+
∫
Ω

N∑
α=1

N∑
β=1,β ̸=α

n∑
i,j=1

aα,β
i,j Djuβ

N∑
γ=1

Cγ
αDiu

γ1A
γ
k
dx (terms for β ̸= α)

=
∫
Ω

N∑
α=1

n∑
i,j=1

Cα
α aα,α

i,j DjuαDiu
α1Aα

k
dx (terms for γ = β = α)

+
∫
Ω

N∑
α=1

n∑
i,j=1

aα,α
i,j Djuα

N∑
γ=1,γ ̸=α

Cγ
αDiu

γ1A
γ
k
dx (terms for γ ̸= β = α)

+
∫
Ω

N∑
α=1

N∑
β=1,β ̸=α

n∑
i,j=1

aα,β
i,j DjuβCβ

αDiu
β1

A
β
k

dx (terms for γ = β ̸= α)

+
∫
Ω

N∑
α=1

N∑
β=1,β ̸=α

n∑
i,j=1

aα,β
i,j Djuβ

N∑
γ=1,γ ̸=β

Cγ
αDiu

γ1A
γ
k
dx (terms for γ ̸= β, β ̸= α)

=
∫
Ω

N∑
α=1

n∑
i,j=1

Cα
α aα,α

i,j DjuαDiu
α1Aα

k
dx (terms for γ = β = α)

+
∫
Ω

N∑
α=1

n∑
i,j=1

aα,α
i,j Djuα

N∑
γ=1,γ ̸=α

Cγ
αDiu

γ1A
γ
k
dx (terms for γ ̸= β = α)

+
∫
Ω

N∑
α=1

N∑
β=1,β ̸=α

n∑
i,j=1

rα,βaβ,β
i,j DjuβCβ

αDiu
β1

A
β
k

dx (terms for γ = β ̸= α)

+
∫
Ω

N∑
α=1

N∑
β=1,β ̸=α

n∑
i,j=1

rα,βaβ,β
i,j Djuβ

N∑
γ=1,γ ̸=β

Cγ
αDiu

γ1A
γ
k
dx (terms for γ ̸= β, β ̸= α)

= I1 + I2 + I3 + I4.

(2.6)

t is obvious that, recalling that rα,α = 1 for all α ∈ {1, . . . , N},

I1 + I3 =
∫
Ω

N∑
α,β=1

n∑
i,j=1

rα,βaβ,β
i,j DjuβCβ

αDiu
β1

A
β
k

dx

=
∫
Ω

N∑
β=1

n∑
i,j=1

(
N∑

α=1
rα,βCβ

α

)
aβ,β

i,j DjuβDiu
β1

A
β
k

dx

(2.7)

and

I2 + I4 =
∫
Ω

N∑
α,β=1

n∑
i,j=1

rα,βaβ,β
i,j Djuβ

N∑
γ=1,γ ̸=β

Cγ
αDiu

γ1A
γ
k
dx

=
∫

A
γ
k

N∑
β,γ=1,β ̸=γ

n∑
i,j=1

(
N∑

α=1
rα,βCγ

α

)
aβ,β

i,j DjuβDiu
γdx.

(2.8)

If one can choose
N∑

α=1
rα,βCβ

α = 1, for β ∈ {1, . . . , N} (2.9)
16
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and
N∑

α=1
rα,βCγ

α = 0, for β, γ ∈ {1, . . . , N}, β ̸= γ, (2.10)

hen (2.9) and assumption (A3) allow us to estimate

I1 + I3 =
∫
Ω

N∑
β=1

n∑
i,j=1

aβ,β
i,j DjuβDiu

β1
A

β
k

dx ≥ c0

N∑
β=1

∫
A

β
k

|Duβ |2dx, (2.11)

and (2.8) together with (2.10) implies
I2 + I4 = 0. (2.12)

Combining (2.5), (2.6), (2.11) and (2.12) one has

c0

N∑
β=1

∫
A

β
k

|Duβ |2dx ≤
N∑

α=1

∫
Ω

fα
N∑

γ=1
Cγ

αGk(uγ)dx. (2.13)

ow, we prove that Eqs. (2.9) and (2.10) are valid for appropriate choice of the constants Cγ
α, α, γ ∈

{1, . . . , N}. In fact, (2.9) and (2.10) have the form

N∑
α=1

rα,βCγ
α = δβγ , for β, γ ∈ {1, . . . , N},

here δβγ is the Kronecker symbol. We note that the above system has N2 equations and N2 unknowns
γ
α, α, γ ∈ {1, . . . , N}, and can be rewritten as⎛⎜⎜⎜⎝

R 0 · · · 0
0 R · · · 0
...

...
. . .

...
0 0 · · · R

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

C1

C2

...
CN

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
e1

e2

...
eN

⎞⎟⎟⎟⎠ , (2.14)

where

R =

⎛⎜⎜⎜⎜⎜⎝
1 r2,1 r3,1 · · · rN,1

r1,2 1 r3,2 · · · rN,2

r1,3 r2,3 1 · · · rN,3

...
...

...
. . .

...
r1,N r2,N r3,N · · · 1

⎞⎟⎟⎟⎟⎟⎠ , Cj =

⎛⎜⎜⎜⎜⎜⎝
Cj

1
Cj

2
Cj

3
...

Cj
N

⎞⎟⎟⎟⎟⎟⎠
nd ej is the unit vector of RN , j ∈ {1, . . . , N}. By assumption (A4), det R ≠ 0, and noticing the right hand
ide of system (2.14) is nonzero, then there exists a unique nonzero solution to (2.14). We choose Cγ

α to be
he unique nonzero solution to (2.14) and we have (2.9) and (2.10).

We now estimate the right hand side of (2.13). Note that

Gk(uγ) = 0, for x ∈ Ω \ Aγ
k ,

hen Sobolev Embedding Theorem

∥v∥Lp∗ (Ω) ≤ c∗∥Dv∥Lp(Ω), ∀v ∈ W 1,p
0 (Ω),
17
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T

Hölder inequality and Young inequality yield

N∑
α=1

∫
Ω

fα
N∑

γ=1
Cγ

αGk(uγ)dx

=
N∑

γ=1

∫
A

γ
k

(
N∑

α=1
Cγ

αfα

)
Gk(uγ)dx

≤
N∑

γ=1

⎛⎝∫
A

γ
k

⏐⏐⏐⏐⏐
N∑

α=1
Cγ

αfα

⏐⏐⏐⏐⏐
(2∗)′

dx

⎞⎠
1

(2∗)′ (∫
Ω

|Gk(uγ)|2
∗
dx

) 1
2∗

≤ c∗

N∑
γ=1

⎛⎝∫
A

γ
k

⏐⏐⏐⏐⏐
N∑

α=1
Cγ

αfα

⏐⏐⏐⏐⏐
(2∗)′

dx

⎞⎠
1

(2∗)′ (∫
Ω

|DGk(uγ)|2dx

) 1
2

≤ c2
∗C(ε)

N∑
γ=1

⎛⎝∫
A

γ
k

⏐⏐⏐⏐⏐
N∑

α=1
Cγ

αfα

⏐⏐⏐⏐⏐
(2∗)′

dx

⎞⎠
2

(2∗)′

+ ε

N∑
γ=1

∫
A

γ
k

|Duγ |2dx.

(2.15)

Substituting (2.15) into (2.13), and taking ε = c0
2 , we arrive at

N∑
β=1

∫
A

β
k

|Duβ |2dx ≤ c16

N∑
β=1

⎛⎝∫
A

β
k

⏐⏐⏐⏐⏐
N∑

α=1
Cβ

αfα

⏐⏐⏐⏐⏐
(2∗)′

dx

⎞⎠
2

(2∗)′

≤ c16

N∑
β=1

(∫
A

β
k

⏐⏐⏐⏐⏐
N∑

α=1
Cβ

αfα

⏐⏐⏐⏐⏐
m

dx

) 2
m

|Aβ
k |

(
1− (2∗)′

m

)
2

(2∗)′

≤ c17

N∑
β=1

|Aβ
k |

(
1− (2∗)′

m

)
2

(2∗)′ ≤ c17N |Ak|

(
1− (2∗)′

m

)
2

(2∗)′
,

(2.16)

here

c17 = c16

N∑
β=1

(∫
Ω

⏐⏐⏐⏐⏐
N∑

α=1
Cβ

αfα

⏐⏐⏐⏐⏐
m

dx

) 2
m

s a constant and
Ak = {x ∈ Ω : |u(x)| > k}.

he left hand side of (2.16) can be estimated as: for any h > k ≥ k0,

N∑
β=1

∫
A

β
k

|Duβ |2dx

=
N∑

β=1

∫
Ω

|DGk(uβ)|2dx

≥ 1
c2

∗

N∑
β=1

(∫
A

β
k

|Gk(uβ)|2
∗
dx

) 2
2∗

≥ 1
c2

∗

N∑
β=1

(∫
A

β
h

|Gk(uβ)|2
∗
dx

) 2
2∗

≥ 1
c2

∗
(h − k)2

N∑
|Aβ

h|
2

2∗
.

(2.17)
β=1

18
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Combining (2.16) and (2.17) we have

1
c2

∗
(h − k)2

N∑
β=1

|Aβ
h|

2
2∗ ≤ c17N |Ak|

(
1− (2∗)′

m

)
2

(2∗)′
,

hich implies
N∑

β=1
|Aβ

h| ≤ c18

(h − k)2∗ |Ak|

(
1− (2∗)′

m

)
(2∗−1)

, (2.18)

here c18 = N(c17c2
∗N)2∗/2. It is not difficult to prove that

ANh ⊂
N⋃

β=1
Aβ

h. (2.19)

n fact, for any x ∈ ANh, one has |u(x)| > Nh, this fact together with

|u(x)| ≤ |u1(x)| + · · · + |uN (x)|

mplies that there exists at least one β ∈ {1, . . . , N} such that |uβ(x)| > h, thus x ∈
⋃N

β=1 Aβ
h and (2.19)

olds true. (2.19) implies

|ANh| ≤
N∑

β=1
|Aβ

h|, (2.20)

hich together with (2.18) yields

|ANh| ≤ c18

(h − k)2∗ |Ak|

(
1− (2∗)′

m

)
(2∗−1)

. (2.21)

The condition (1.3) in Lemma 1.2 holds true with

k0 = 0, φ(k) = |Ak|, c3 = c18, α = 2∗ and β =
(

1 − (2∗)′

m

)
(2∗ − 1).

ow we use Lemma 1.2 to derive that:
(1) if 0 < β < 1, that is, 2n

n+2 < m < n
2 , then

|Ak| ≤ c4

(
1
k

) α
1−β

= c4

(
1
k

) nm
n−2m

, (2.22)

which is equivalent to |u| ∈ Lm∗∗
weak(Ω).

(2) if β = 1, that is, m = n
2 , then for any q > 1,

|Ak| ≤ c5

(
1
k

)q̃

, q̃ = max{q, 1 + 2∗},

hich is equivalent to
|u| ∈ Lq̃

weak(Ω).

(3) if β > 1, that is, m > n
2 , then we let k̃0 > k0 = 0 satisfy c7 = N

α
β2 φ(k̃0)−1 > 1. Lemma 1.2-(III)

llows us to derive that, for every k ≥ k̃0,

|{|u| > k}| ≤ c · c−klogN
√

β
. (2.23)
19 6

19
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(2.23) implies ⏐⏐⏐⏐{c
1
2 |u|logN

√
β

6 > c
1
2 klogN

√
β

6

}⏐⏐⏐⏐ = |{|u| > k}| ≤ c19 · c−klogN
√

β

6 .

et k̃ = c
1
2 klogN

√
β

6 , then ⏐⏐⏐⏐{c
1
2 |u|logN

√
β

6 > k̃

}⏐⏐⏐⏐ ≤ c19

k̃2
.

e now use Lemma 3.11 in [3] which states that the sufficient and necessary condition for a function
∈ Lr(Ω), r ≥ 1, is

∞∑
k=0

kr−1|{|g| > k}| < +∞.

e notice that since k ≥ k̃0, then k̃ = c
1
2 klogN

√
β

6 ≥ c
1
2 k̃

logN
√

β
0

6 . We use the above lemma for g = c
1
2 |u|logN

√
β

6
nd r = 1, since

∞∑
k=0

⏐⏐⏐⏐{c
1
2 |u|logN

√
β

6 > k̃

}⏐⏐⏐⏐
=

(
K∑

k=0
+

+∞∑
k=K+1

)⏐⏐⏐⏐{c
1
2 |u|logN

√
β

6 > k̃

}⏐⏐⏐⏐
≤ (K + 1)|Ω | + c19

∞∑
k=K+1

1
k̃2

< +∞,

here K =
[

c
1
2 k̃

logN
√

β
0

6

]
, then

c
1
2 |u|logN

√
β

6 ∈ L1(Ω). (2.24)

e let λ = 1
2 ln c6, then eλ = c

1
2
6 , which together with (2.24) implies the desired result eλ|u|logN

√
β ∈

1(Ω). □

emark 2.1. In Theorem 2.1-(1) we derive the result |u| ∈ Lm∗∗
weak(Ω), this implies, for any j ∈ {1, . . . , N},

uj(x) ∈ Lm∗∗
weak(Ω). (2.25)

n fact, for any j ∈ {1, . . . , N},
|uj(x)| ≤ |u(x)|,

hich implies, for any k > 0,

{x ∈ Ω : |uj(x)| > k} ⊂ {x ∈ Ω : |u(x)| > k},

hus |Aj
k| ≤ |Ak|, this together with (2.22) implies

|Aj
k| ≤ c4

(
1
k

) nm
n−2m

= c4

(
1
k

)m∗∗

,

(2.25) follows.
20
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2.2. Quasilinear elliptic systems with degenerate ellipticity condition.

In this subsection we consider (distributional) solutions of quasilinear elliptic systems (2.1). We make use
of the following assumptions on the coefficients aα,β

i,j (x, y): for i, j ∈ {1, . . . , n} and α, β ∈ {1, . . . , N}, (A1),
A2) and (A4) hold, but (A3) replaced by

(A∗
3) (degenerate ellipticity of the diagonal coefficients) there exist two positive constants c0 > 0 and

< θ < 1 such that

c0
|λ|2

(1 + |yα|)θ
≤

n∑
i,j=1

aα,α
i,j (x, y)λiλj ,

for almost all x ∈ Ω , all y ∈ RN , all λ ∈ Rn and all α ∈ {1, . . . , N}.
We note that, because of condition (A∗

3), the differential operator

−
n∑

i=1

∂

∂xi

⎛⎝ N∑
β=1

n∑
j=1

aα,β
i,j (x, u(x))∂uβ(x)

∂xj

⎞⎠
in (2.1) is not coercive on W 1,2

0 (Ω).
For the case N = 1, that is, (2.1) is only one single degenerate elliptic equation, existence and regularity

results have been deeply studied, we refer the reader to [16,17,43–50].
We now use Lemma 1.4 to prove the following:

Theorem 2.2. Suppose u is a solution to (2.1) with respect to f ∈ Lm(Ω ;RN ), m > (2∗)′ = 2n
n+2 . Under

he assumptions (A1), (A2), (A∗
3) and (A4), we have

(1) if 2n
n+2 < m < n

2 , then |u| ∈ L
m∗∗(1−θ)
weak (Ω);

(2) if m = n
2 , then for any q > 1, |u| ∈ Lq̃

weak(Ω), q̃ = max{q, 1 + 2∗};
(3) if m > n

2 , then there exists λ > 0 such that eλ|u|logN
√

β ∈ L1(Ω).

roof. In order to prove Theorem 2.2-(1), we take a test function φ = (φ1, . . . , φN ) in (2.2) as

φα =
N∑

γ=1
cγ

αTk(Gk(uγ)), α ∈ {1, . . . , N}, (2.26)

ere cγ
α, α, γ ∈ {1, . . . , N} are real constants to be chosen later. Then

Diφ
α =

N∑
γ=1

cγ
αDiu

γ1B
γ
k

,

where
Bγ

k = {x ∈ Ω : k ≤ |uγ | < 2k}, γ = 1, . . . , N.

(2.2) with the test function φ as in (2.26) gives∫
Ω

N∑
α,β=1

n∑
i,j=1

aα,β
i,j Djuβ

N∑
γ=1

cγ
αDiu

γ1B
γ
k

dx

=
N∑

α=1

∫
Ω

fα
N∑

γ=1
cγ

αTk(Gk(uγ))dx,

(2.27)

α,β α,β
where we have denoted again ai,j = ai,j (x, u).
21
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For the left hand side of (2.27), we note that (by the same reason as (2.6), with Aβ
k replaced by Bβ

k and
γ
k replaced by Bγ

k )

∫
Ω

N∑
α,β=1

n∑
i,j=1

aα,β
i,j Djuβ

N∑
γ=1

cγ
αDiu

γ1B
γ
k

dx

=
∫
Ω

N∑
α=1

n∑
i,j=1

cα
αaα,α

i,j DjuαDiu
α1Bα

k
dx

+
∫
Ω

N∑
α=1

n∑
i,j=1

aα,α
i,j Djuα

N∑
γ=1,γ ̸=α

cγ
αDiu

γ1B
γ
k

dx

+
∫
Ω

N∑
α=1

N∑
β=1,β ̸=α

n∑
i,j=1

rα,βaβ,β
i,j Djuβcβ

αDiu
β1

B
β
k

dx

+
∫
Ω

N∑
α=1

N∑
β=1,β ̸=α

n∑
i,j=1

rα,βaβ,β
i,j Djuβ

N∑
γ=1,γ ̸=β

cγ
αDiu

γ1B
γ
k

dx

= Ĩ1 + Ĩ2 + Ĩ3 + Ĩ4.

(2.28)

It is obvious that

Ĩ1 + Ĩ3 =
∫
Ω

N∑
β=1

n∑
i,j=1

(
N∑

α=1
rα,βcβ

α

)
aβ,β

i,j DjuβDiu
β1

B
β
k

dx (2.29)

and

Ĩ2 + Ĩ4 =
∫

B
γ
k

N∑
β,γ=1,β ̸=γ

n∑
i,j=1

(
N∑

α=1
rα,βcγ

α

)
aβ,β

i,j DjuβDiu
γdx. (2.30)

As in the proof of Theorem 2.1, by the condition (A4), one can choose

N∑
α=1

rα,βcβ
α = 1, for β ∈ {1, . . . , N} (2.31)

and
N∑

α=1
rα,βcγ

α = 0, for β, γ ∈ {1, . . . , N}, β ̸= γ, (2.32)

hen (2.31) and (A∗
3) allow us to estimate

Ĩ1 + Ĩ3 =
∫
Ω

N∑
β=1

n∑
i,j=1

aβ,β
i,j DjuβDiu

β1
B

β
k

dx ≥ c0

N∑
β=1

∫
B

β
k

|Duβ |2

(1 + |uβ |)θ
dx, (2.33)

nd (2.30) together with (2.32) implies

Ĩ2 + Ĩ4 = 0. (2.34)

ombining (2.27), (2.28), (2.33) and (2.34) one has

c0

N∑∫
B

β

|Duβ |2

(1 + |uβ |)θ
dx ≤

N∑∫
Ω

fα
N∑

cγ
αTk(Gk(uγ))dx. (2.35)
β=1 k α=1 γ=1

22
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We now estimate both sides of (2.35). For the left hand side, since 1 + |uβ | < 1 + 2k for x ∈ Bβ
k , then we

se Sobolev Embedding Theorem again in order to derive

c0

N∑
β=1

∫
B

β
k

|Duβ |2

(1 + |uβ |)θ
dx

≥ c0

(1 + 2k)θ

N∑
β=1

∫
B

β
k

|Duβ |2dx

= c0

(1 + 2k)θ

N∑
β=1

∫
Ω

|DTk(Gk(uβ))|2dx

≥ c0

c2
∗(1 + 2k)θ

N∑
β=1

(∫
Ω

|Tk(Gk(uβ))|2
∗
dx

) 2
2∗

≥ c0

c2
∗(1 + 2k)θ

N∑
β=1

(∫
A

β
2k

|Tk(Gk(uβ))|2
∗
dx

) 2
2∗

= c0k2

c2
∗(1 + 2k)θ

N∑
β=1

|Aβ
2k|

2
2∗

.

(2.36)

For the right hand side, since Gk(uγ) = 0 for x ∈ {x ∈ Ω : |uγ(x)| ≤ k} and |Tk(Gk(uγ))| ≤ k, then the
ondition f ∈ Lm(Ω ;RN ) ( 2n

n+2 < m < n
2 ) together with Hölder inequality implies

N∑
α=1

∫
Ω

fα
N∑

γ=1
cγ

αTk(Gk(uγ))dx

=
N∑

γ=1

∫
A

γ
k

N∑
α=1

cγ
αfαTk(Gk(uγ))dx

≤
N∑

γ=1

∫
A

γ
k

⏐⏐⏐⏐⏐
N∑

α=1
cγ

αfα

⏐⏐⏐⏐⏐ |Tk(Gk(uγ))| dx

≤ k

N∑
γ=1

∫
A

γ
k

⏐⏐⏐⏐⏐
N∑

α=1
cγ

αfα

⏐⏐⏐⏐⏐ dx

≤ k

N∑
γ=1

(∫
A

γ
k

⏐⏐⏐⏐⏐
N∑

α=1
cγ

αfα

⏐⏐⏐⏐⏐
m

dx

) 1
m

|Aγ
k |

1
m′

≤ c20k

N∑
γ=1

|Aγ
k |

1
m′ ,

(2.37)

here

c20 =
N∑

γ=1

(∫
Ω

⏐⏐⏐⏐⏐
N∑

α=1
cγ

αfα

⏐⏐⏐⏐⏐
m

dx

) 1
m

.

ubstituting (2.36) and (2.37) into (2.35) one has
N∑

β=1
|Aβ

2k|
2

2∗ ≤ c20c2
∗(1 + 2k)θ

c0k

N∑
γ=1

|Aγ
k |

1
m′ .

or all k ≥ k0 = 1, (1 + 2k)θ ≤ (3k)θ, then
N∑

|Aβ
2k|

2
2∗ ≤ c20c2

∗3θ

c0k1−θ

N∑
|Aγ

k |
1

m′ = c21

k1−θ

N∑
|Aγ

k |
1

m′ , (2.38)

β=1 γ=1 γ=1
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T

S
(

C

w

where c21 = c20c2
∗3θ

c0
. We recall that Ak = {x ∈ Ω : |u(x)| > k} and (2.20), from the above inequality we

erive

|A2Nk|
2

2∗ ≤

⎛⎝ N∑
β=1

|Aβ
2k|

⎞⎠ 2
2∗

≤
N∑

β=1
|Aβ

2k|
2

2∗

≤ c21

k1−θ

N∑
γ=1

|Aγ
k |

1
m′ ≤ c21N

k1−θ
|Ak|

1
m′ ,

hich is equivalent to

|A2Nk| ≤ (c21N) 2∗
2

k
(1−θ)2∗

2
|Ak|

2∗
2m′ .

he inequality (∗) in Remark 1.1 holds with

φ(k) = |Ak|, c̃3 = (c21N) 2∗
2 , α = (1 − θ)2∗

2 and β = 2∗

2m′ .

ince m < n
2 , then 0 < β < 1. We are now in a position to use Remark 1.1 which states that the inequality

∗) is equivalent to (1.3), then we use Lemma 1.2 to derive that

|Ak| ≤ c4

(
1
k

) α
1−β

= c4

(
1
k

)m∗∗(1−θ)
,

which is equivalent to |u| ∈ L
m∗∗(1−θ)
weak (Ω), as desired.

In order to prove Theorem 2.2-(2), (3), we take a test function φ = (φ1, . . . , φN ) in (2.2) with φα as in
(2.4). We follow the lines of the proof of Theorem 2.1 until we arrive at (2.10). For appropriate choice of the
constants Cγ

α, α, γ ∈ {1, . . . , N}, (2.9) and (2.10) can be satisfied. Then (2.9) and (A∗
3) allow us to estimate

I1 + I3 =
∫
Ω

N∑
β=1

n∑
i,j=1

aβ,β
i,j DjuβDiu

β1
A

β
k

dx ≥ c0

N∑
β=1

∫
A

β
k

|Duβ |2

(1 + |uβ |)θ
dx. (2.39)

ombining (2.5), (2.6), (2.39) and (2.12) one has

c0

N∑
β=1

∫
A

β
k

|Duβ |2

(1 + |uβ |)θ
dx ≤

N∑
α=1

∫
Ω

fα
N∑

γ=1
Cγ

αGk(uγ)dx

=
N∑

β=1

∫
Ω

(
N∑

α=1
Cβ

αfα

)
Gk(uβ)dx ≤ c22

N∑
β=1

(∫
A

β
k

|Gk(uβ)|m
′
dx

) 1
m′

,

(2.40)

here c22 =
∑N

α=1 Cβ
αfα


Lm(Ω)

. Let

σ = nm

nm − n + m
,

the condition m > (2∗)′ implies σ < 2. We can write, by Hölder inequality and (2.40),
N∑

β=1

∫
A

β
k

|Duβ |σdx

=
N∑

β=1

∫
A

β
k

|Duβ |σ

(1 + |uβ |) θσ
2

(1 + |uβ |) θσ
2 dx

≤
N∑

β=1

(∫
A

β
k

|Duβ |2

(1 + |uβ |)θ
dx

)σ
2
(∫

A
β
k

(1 + |uβ |)
θσ

2−σ dx

) 2−σ
2

≤

⎛⎝ N∑∫
A

β

|Duβ |2

(1 + |uβ |)θ
dx

⎞⎠σ
2 N∑(∫

A
β
(1 + |uβ |)

θσ
2−σ dx

) 2−σ
2

.

(2.41)
β=1 k β=1 k
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S

w

t

Note that σ∗ = m′, then Sobolev inequality allows us to estimate⎛⎝ N∑
β=1

∫
A

β
k

|Duβ |2

(1 + |uβ |)θ
dx

⎞⎠σ
2

≤

⎡⎣c22

c0

N∑
β=1

(∫
A

β
k

|Gk(uβ)|m
′
dx

) 1
m′

dx

⎤⎦
σ
2

≤
(

c22

c0

)σ
2 N∑

β=1

(∫
Ω

|Gk(uβ)|σ
∗
dx

) 1
σ∗

σ
2

≤ c∗

(
c22

c0

)σ
2 N∑

β=1

(∫
Ω

|DGk(uβ)|σdx

) 1
2

≤ c∗2N

(
c22

c0

)σ
2

⎛⎝ N∑
β=1

∫
A

β
k

|Duβ |σdx

⎞⎠ 1
2

.

(2.42)

ubstituting (2.42) into (2.41) we arrive at

N∑
β=1

∫
A

β
k

|Duβ |σdx ≤ c23

⎡⎣ N∑
β=1

(∫
A

β
k

(1 + |uβ |)
θσ

2−σ dx

) 2−σ
2
⎤⎦2

, (2.43)

here c23 =
(
c∗2N

)2
(

c22
c0

)σ

. If k ≥ k0 = 1, one has on Aβ
k that 1 + |uβ | ≤ 2(k + |Gk(uβ)|), then

N∑
β=1

∫
A

β
k

|Duβ |σdx

≤ c23

⎡⎣ N∑
β=1

(∫
A

β
k

(2(k + |Gk(uβ)|))
θσ

2−σ dx

) 2−σ
2
⎤⎦2

≤ c24

⎡⎣ N∑
β=1

(∫
A

β
k

k
θσ

2−σ + |Gk(uβ)|
θσ

2−σ dx

) 2−σ
2
⎤⎦2

≤ c25

N∑
β=1

⎡⎣kθσ|Aβ
k |

2−σ
+
(∫

A
β
k

|Gk(uβ)|
θσ

2−σ dx

)2−σ
⎤⎦ .

(2.44)

Since
θ < 1, m ≥ n

2 ⇒ θσ

2 − σ
< σ∗,

hen using Hölder, Sobolev and Young inequalities, one obtains
N∑

β=1

∫
A

β
k

|Duβ |σdx

≤ c25

N∑
β=1

⎡⎣kθσ|Aβ
k |

2−σ
+
(∫

A
β
k

|Gk(uβ)|σ
∗
dx

) θσ
σ∗

|Aβ
k |

2−σ− θσ
σ∗

⎤⎦
≤ c25

N∑
β=1

⎡⎣kθσ|Aβ
k |

2−σ
+ c∗

(∫
A

β
k

|Duβ |σdx

)θ

|Aβ
k |

2−σ− θσ
σ∗

⎤⎦
≤ c25

N∑[
kθσ|Aβ

k |
2−σ

+ ε

∫
A

β
|Duβ |σdx + c(ε)|Aβ

k |
(2−σ)σ∗−θσ

(1−θ)σ∗

]
.

(2.45)
β=1 k

25
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w
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If we choose ε small enough such that c25Nε = 1
2 , then the second term in the right hand side of the above

inequality can be absorbed by the left hand side, then

N∑
β=1

∫
A

β
k

|Duβ |σdx ≤ c26

N∑
β=1

[
kθσ|Aβ

k |
2−σ

+ |Aβ
k |

(2−σ)σ∗−θσ
(1−θ)σ∗

]
.

≥ n
2 implies

2 − σ ≤ (2 − σ)σ∗ − θσ

(1 − θ)σ∗ ,

so that, for k ≥ k0 = 1, we can write, observing that |Aβ
k | ≤ |Ω |,

N∑
β=1

∫
A

β
k

|Duβ |σdx ≤ c27

N∑
β=1

kθσ|Aβ
k |

2−σ
≤ c27kθσ

N∑
β=1

|Ak|2−σ
. (2.46)

he left hand side of the above inequality can be estimated as follows: for any h > k ≥ k0 = 1,

N∑
β=1

∫
A

β
k

|Duβ |σdx =
N∑

β=1

∫
Ω

|DGk(uβ)|σdx

≥ 1
c∗

N∑
β=1

(∫
A

β
k

|Gk(uβ)|σ
∗
dx

) σ
σ∗

≥ 1
c∗

N∑
β=1

(∫
A

β
h

|Gk(uβ)|σ
∗
dx

) σ
σ∗

= 1
c∗

(h − k)σ
N∑

β=1
|Aβ

h|
σ

σ∗
.

(2.47)

ombining (2.46) and (2.47) and making use of (2.20), we have

|ANh|
σ

σ∗ ≤

⎛⎝ N∑
β=1

|Aβ
h|

⎞⎠ σ
σ∗

≤
N∑

β=1
|Aβ

h|
σ

σ∗ ≤ c∗c27kθσ

(h − k)σ

N∑
β=1

|Ak|2−σ
,

from which we derive

|ANh| ≤ c28kθσ∗

(h − k)σ∗ |Ak|
(2−σ)σ∗

σ .

he condition (1.22) in Lemma 1.4 holds true with

k0 = 1, φ(k) = |Ak|, c10 = c28, α = σ∗, and β = (2 − σ)σ∗

σ
.

ow we use Lemma 1.4 to derive that:
If m = n

2 , then β = 1, thus for any q > 1,

|Ak| ≤ c12

(
1
k

)q̃

, q̃ = max{q, 1 + σ∗},

hich is equivalent to
|u| ∈ Lq̃

weak(Ω).

f m > n
2 , then β > 1. As in the proof of part (3) in Theorem 2.1 one can derive the desired result

λ|u|logN
√

β ∈ L1(Ω) for some λ > 0. □
26
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1-77.

[2] L. Boccardo, The summability of solutions to variational problems since Guido Stampacchia, Rev. R. Acad. Cienc. Serie
A. Mat. 97 (2003) 413–421.

[3] L. Boccardo, G. Croce, Elliptic partial differential equations, in: De Gruyter Studies in Mathematics, vol. 55, De Gruyter,
2014.

[4] L. Boccardo, D. Giachetti, Existence results via regularity for some nonlinear elliptic problems, Comm. Partial
Differential Equations 14 (1989) 663–680.
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